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Introduction 


Tuis is the third of three volumes written for aspiring professional 
and technician engineers in the electronics industry. The three 
volumes provide a comprehensive series on electronics suitable for 
students on University Engineering Degree Courses and on Higher 
National Diploma and Certificate Courses in Electrical and Elec- 
tronic Engineering. 

The traditional thermionic-valve approach to electronics is no 
longer appropriate, and the extensive development of semiconduc- 
tor devices has prompted the writing of these volumes and the 
use of an integrated treatment for the two devices. Introductory 
network theory and physics have been included to support these 
topics. 

N. HILter, Editor 
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List of Symbols 


Attenuation coefficient (nepers) 

Area (metre?) 

Gain of an amplifier 

Feedback ratio 

Phase change coefficient (radians) 

Flux density (tesla) 

Susceptance (siemens) 

Capacitance (farads) 

Velocity of light in vacuo (3 X 108 m/s) 

Width of depletion layer 

Diffusion coefficient 

Electric flux density (coulombs/metre?) 

Base of natural logarithms 

Permittivity of free space (1/36 107® 
farads/metre) 

Relative permittivity 

Electric field strength (volts/metre) 

d.c. or r.m.s. value of e.m.f. (volts) 

Energy (joules or electron volts) 

Acceptor energy level (eV) 

Energy level of conduction band (eV) 

Donor energy level (eV) 

Fermi level (eV) 

Energy level of valence band (eV) 

Charge on an electron (1:6 107? C) 

Instantaneous value of an e.m.f. (volts) 

Force (newtons) 
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LIST OF SYMBOLS 


Frequency (Hz) 

Propagation coefficient 

Correlation coefficient 

Conductance (siemens) 

Mutual conductance (mA/V) 

Efficiency (usually a percentage) 

Magnetic field strength 

Planck’s constant (6:°624x10-*4 joule- 
second) 

Short-circuit current gain of a transistor 

Input resistance of a transistor with output 
short circuited 

Output conductance of a transistor with 
input open circuited 

Voltage feedback ratio of a transistor with 
input open circuited 

Large signal common-base current gain 

Large signal inverse common-base gain 

d.c. or r.m.s. value of current (amp) 

Moment of inertia 

Maximum value of current (amp) 

Leakage current in common base (amp) 

Leakage current in common emitter (amp) 

Instantaneous value of current (amp) 

Laplace transform of current 

Current density (amp/metre?) 

90° operator 

Coefficient of coupling 

Boltzmann’s constant (1-38 X 1073 J/K) 

Inductance (henrys) 

Diffusion length 

Subsidiary quantum number 

Amplification factor of a valve or FET 

Permeability of free space (H/m) 
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LIST OF SYMBOLS xi 


Relative permeability 

Mobility of an electron (metre?/volt-second) 

Mobility of a hole (metre2/volt-second) 

Momentum 

Mutual inductance (henrys) 

Magnetic quantum number 

Effective mass of an electron (9-1 107! 
kg) 

Effective mass of a hole 

Spin quantum number 

Principal quantum number 

Number of turns 

Number of acceptor impurity atoms per 
cubic metre 

Number of donor impurity atoms per 
cubic metre 

Electron density 

Hole density 

Number of charge carriers per cubic metre 
in an intrinsic semiconductor 

Power (watts) 

Charge (coulombs) 

Instantaneous value of charge (coulombs) 

Resistivity (Q-m) 

Charge density (C/m*) 

Resistance (Q) 

Dynamic resistance (Q) 

Radius (m) 

T parameters 

Hybrid-a parameters 

Anode slope resistance 

Drain resistance 

Hall angle 

Laplace operator 
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LIST OF SYMBOLS 


Absolute temperature (K) 

Time (seconds) 

Magnetic flux (webers) 

Instantaneous value of magnetic flux (we- 
bers) 

Potential barrier 

d.c. or r.m.s. voltage (volts) 

Maximum value of voltage (volts) 

Instantaneous value of voltage (volts) 

Velocity (m/s) 

Reactance (Q) 

Admittance (= 1/Z) (siemens) 

Input admittance with output short circuited 

Output admittance with input short circuited 

Forward transfer admittance with output 
short circuited 

Reverse transfer admittance with input short 

circuited 

Electric flux (coulombs) 

Impedance (Q) 

Characteristic impedance (Q) 

Angular frequency (rads /s) 


Where subscripts are used, upper case denotes d.c. values and 
lower case r.m.s. values. 


CHAPTER ! 


Network Theory 


IN THIS chapter the use of Laplace transforms for network analysis 
will be discussed and filter networks analysed in more detail than 
in the previous volumes. 


1.1. Laplace Transforms and Their Applications 


The Laplace transform of any function is defined by the relation 


L[F()] = is e~“ F(t) dt, 


0 


and once the differential equation(s) for any circuit has been set 
up, a method of solution is to take the transforms of each side, 
separate into partial fractions, and then evaluate the inverse of the 
transforms. 

It is not the purpose of this book to cover material that rightly 
belongs to a mathematical treatise, but in the following examples 
an indication of the mathematical background will be given. 


1.1.1. Simple RL circuit with suddenly applied d.c. 


For the circuit shown in Fig. 1.1, at any time ¢ after the switch is 
closed, 


Cre 
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i of R 


Fic. 1.1. Simple REL circuit. 


di a 
The transform of 7A is —iot+st. 
Thetransformof i is i. 
; V 
The transform of V is -—. 
Ss 


Hence, taking transforms of both sides, 
L(—iotsi)+Ri = 1 


If, attimet =0, i=0, then ip = O. 


Therefore (Ls+ R)i = = 
- bepn ler, 
we ~ Ls[s+(R/L)] 


ere eee 


=a (s-aD) 


1 
The inverse of ey. is 1. 


| i —(Rt/L) 


The inverse of —~~— is € 
[s+ (R/L)] 


NETWORK THEORY 


Hence i= , (1 — e(R/D), 


This equation gives the current at any time ¢ after the switch is 


closed. 


1.1.2. Series LCR circuit with suddenly applied d.c. 


At any time ¢ after the direct voltage V is applied, the equations 
for the series LCR circuit shown in Fig. 1.2 are 


di yd _ ._ dq 
La tRita = and fee 


Kia. 1.2. RLC circuit. 


The transforms of these equations are 


mer; . q_V 
Lt io+si)+Ri+G coer 


and i =—got+sq. 
Ifattimet=0, g=i=0, then in = qo =0. 
rf Oar 
Hence (Ls+ R)i +G mit 
and i= sq. 
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Eliminating ¢ between these expressions gives 


1\; V 
(ust R+,)i = y 


or 


V V 
L[s?-+(R/L)s-+ (1/LC)]— Li(s+ (R/2D)+ [(/LC)— (R2/42)}} 


i= 


The form of the inverse of this transform depends on the relative 
values of L, C, and R. 


(i) If 1/LC > R?/4L?, the transform is of the form k/[(s+«)? +?] 
and has an inverse given by (k/B) e~™ sin Bt. 
The actual value of the inverse is 


V ee 1 R 
‘= acne" | (com a) 


and indicates that the response is a sinusoidal oscillation 
of gradually decreasing amplitude. 


(ii) If 1/LC = R®/4L*, the transform may be written 


Fi =. V 
= T[s+(R2DE 


and the inverse is given by 


i= “ te-(R2L) 
L 


and indicates a critically damped response. 


(iii) When 1/LC =< R2/4L?, 7 is of the form k/[(s+«)?—f?], and 
the inverse of this is (k/S)e—™ sinh Bt, i.e. an overdamped 
response. 
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Under this condition the current is given by 


‘ V ne? A RP 1 3 
i= eRyany— Cyne? sinh lV (ae ic)*| 


1.1.3. Simple RC circuit with suddenly applied a.c. 


The equation for the circuit shown in Fig. 1.3, in which C is 
initially uncharged, is 


1 f' . 
iR+— 3 [ idt = Vm sin ot. 
0 


a 
at 


Fic. 1.3. Simple RC circuit. 


Va sin wt 


t my 
. i 

The transform of idt is —. 
0 S 


é ‘ @ 
The transform of sin wt is ———~. 
st+0? 


Hence, taking transforms of the above equation, 


oie OVS 
ss * = “Ris +(1/RC)] (s?-+ 002) 
oOVim A i Bs+-D 
R | FORO (s?-+ w?) | 


where A, B, and Dare constants. 
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But 


s= A(s?+o?)+(Bs+D) (*+-2c) F 


Equating coefficient of s?; 
O= A+B. 


Equating coefficients of s; 


B 
1 > D + RC . 
Equating constants; 
D 
= 2 ee a 
0 = Aw?+ RC 


From these relations, 


A 

— — AmtRc— 2. 
1 = — Aw?RC RC: 
Therefore 
woh Susans ERS = 
~~ 1+? R°C? ’ 
——_ RC 
~ 1+@2R®C? ’ 

w2R®C? 

ane 0 Te aPRC 
_ OV», 7 RC 
=—R (1+? R2C%) [s+ (1/RO)] 


§. RCs A: w?R®C2 1 
Ger Trot | (0) | 
— OVC 1 Fi S+o?RC 

~ (1+@?R®C?) [s+(1/RC)] * (s?+@?) ; 


@ 
~ 
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1 
Theinverseof ———— is g/RO. 
s+(1/RC) 
. s 
Theinverseof -——--.- is cosot. 
s+a2 
The inverse of = ——— is sinot. 
set @2 


14+ wR2C2 


wCR 


Fic. 1.4. Phase angle for RC circuit. 
Hence, taking the inverse of the above expression, 


= 7 eaeet [e- “24 cos wt + @RC sin wf]. 


If —_ = tan @ (see Fig. 1.4), 


OVC 


VU atRICH [— 2 WO sin 8+-cos ot sin 6-+sin wt +cos 6] 


i= 
OVmC 
= Va +arRics | * 


Vin €~ CIRO) sin an Vim sin (wt+ 6) 
~ -V/[R?+ (1/@*C?)] + RoC) 


—(@RC) sin 8+sin (wt+ 4)] 


The first term in this expression represents the transient term 
which disappears as ¢ increases, while the second represents the 
steady-state condition. 
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1.2. Filter Networks 


Two port networks were introduced in Chapter | of Volume 2, 
and the main parameters evaluated. For the symmetrical T section 
shown in Fig. 1.5, the characteristic impedance Z,7 defined as the 


zy Z 
2 


Zot 2, oT 


Fic. 1.5. Symmetrical T network. 


input impedance of an infinite number of cascaded sections, is 
given by 

Zi, Ze(Zi/2)+Zor] 

2 © (Z1/2)+Z2+Zor ’ 


Zor = V[() +224| . 


Also the propagation coefficient y defined as the natural logarithm 
of the complex ratio of the steady-state input and output currents 


Zor = 


which leads to 


N 


a ca 4 2, 
2 2 2 2 


Fic. 1.6. Propagation coefficient of T network. 


of a symmetrical section in an infinite number of such sections, 
is given by reference to Fig. 1.6, 


Le. Ie-“(Z1+2Z2) —IZ2—Ie-?"Z2 = 0, 


NETWORK THEORY 9 


which leads to 
cosh y = 1+ ZA 
ne Re ge 


If the symmetrical x section shown in Fig. 1.7 is considered the 
characteristic admittance is given by 


Yo | YilYou+(Y2/2)I 
= oD Yi+(V2/2)4+Y on , 


Y, 


Fic. 1.7. Symmetrical 2 network. 


which leads to 


and Zo =>- => 


Vv Ve Y vir 


Fic. 1.8. Propagation coefficient of 2 network. 


Also, by reference to Fig. 1.8, 


V—V>Y)¥1 = VirVet+Vr?—Vr52”)¥, 
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¥ 


or cosh y = 1+ Y, 


Hence for both sections the propagation coefficient y is identical 
and if y is written in the form «+ 8, where « is the attenuation 
coefficient and B the phase change coefficient. 


ane Zi 
cosh (#+/8) = +57," 
Expanding and replacing cosh j8 by cos B and sinh jf by /jsin B, 


cosh a cos B+j sinha sin B = 1+. 


In ideal filter networks both Z; and Z» are pure reactances, and 
if real terms are equated, 


Zi 
cosh « cos B = Ita5-- (1.2.1) 
The j terms give 
sinh « sin B = 0. (1.2.2) 


Equation (1.2.2) leads to two possible solutions: 


B finite sinha =0, ie. « =O, 
afinite sinB=0, ic. B=na, 


where n is an integer. 

The condition sinh « = O and f finite gives the condition for zero 
attenuation, i.e. the pass band of a filter; while sin 8B = 0 and « 
finite gives the condition for the attenuation band of a filter. 


NETWORK THEORY 11 


The pass-band condition, i.e. sinh « = 0, means that cosha = 1, 
and in the pass band 


1.3. Prototype (Constant-k) Filters 


These filters may be high-pass, low-pass, band-pass, or band- 
stop, and the term constant-k simply means that the product 
of the series and shunt arms impedances is a constant, i.e. 
ZiZo = k*, where k is a real constant. 


1.3.1, Prototype low-pass filters 


This type of filter is shown in Fig. 1.9 (a) and (b) with 


i 1 
Z, =joL and are oa 


(a) (b) 
Fic. 1.9. Constant-k low-pass filters. 


Then, in the pass band, 


1 2 
=e, ee pire (fe 
cos B = 1 72 LC or @ ié (1 —cos f). 


The limits of cos 8 are -+1, and hence the limits of w are 0 and 
2//(LC), 


Le. f=0 and S 


m/(LL) ° 
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This shows that such a filter will pass frequencies from zero to a 
cut-off value of 


fe= a EC) 
Within this pass band, 
aed Zi 
cos B = +55. 
= 1 ale 
7 2 
2 
“(3 
De 
2 
ie pope et (2) 
2 We 
: Spe (A. 
i.e. B =2sin +(2). 


This shows that within the pass band the angle by which the 
output current lags or leads the input current follows an inverse 
sine relationship if the section is one of an infinite number of sec- 
tions. 

In the attenuation band when f = nz,cos8 = +1, 


i.e. teosh « = 1—4w?LC 


2 
or cosh a =+[1-2(7) | 
We 


Since w is greater than w,, the negative sign must be taken and, 


putting cosh « = 2 cosh? _ 1, 


2 
2 cosh® 5 —1 =2(2) i 


We 


ie. a = 2cosh} to) nepers. 
a) 


c 
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This shows that the attenuation follows an inverse cosh rela- 
tionship as indicated by Fig. 1.10. 


! 


Pass Attenuation 
band | band 


Attenuation 


Fic. 1.10. Attenuation coefficient of constant-k low-pass filter. 


Also the fact that the negative sign has been chosen for cosh « 
means that 8 = +2. The positive sign must be chosen for f as in- 
dicated by Fig. 1.11. At high frequencies, above cut-off, the circuit 
is inductive and the voltage across the capacitor V, must lag the 
input current by 90°. This is the drive for the output current which 
lags V, by a further 90°. Hence the output current lags the input 
current by z or B =z. 


» the 


in 


Fic. 1.11. Currents in a constant-k low-pass filter. 


The complete variation of the phase angle of output current 
with respect to the input current is shown in Fig. 1.12. 
The characteristic impedance of the 7J-type, low-pass section is 


given by 
Zz 2 
Zor = /| S) +22: 
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Phase of 
Tou: with 


Fic. 1.12, Phase relation between input and output current of a low-pass 
filter. 


; 1 
where Zi = joL, Z2 = joc 5 


+ Beye 
i c Ve | 
“vey 


This obviously varies with frequency. At very low frequencies 
L pou : 
Zor = Vz falling to zero at w = w, and becoming inductive 


above cut-off. 
For the x section, 


Z, = 2122 _ HC 
Vey) 
VIC) 
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The characteristic impedance is also +/(L/C) at very low frequen- 
cies rising to infinity at the cut-off frequency and becoming ca- 
pacitive above the cut-off frequency. The complete variations in 
characteristic impedance of prototype low-pass filters is shown in 
Fig. 1.13. In practice some blurring of these curves occurs near the 
cut-off frequency due to the inherent resistance of the inductor. 


Attenuation 
band 


Zo 


Angle of Z, 


Fic. 1.13. Characteristic impedance of constant-k low-pass filters. 


When the filter is incorporated in a system, correct matching 
can only be obtained at one particular frequency. This is chosen 
at the geometric mean frequency of the pass band, i.e. at a fre- 
quency, f = «/(0OXf,) = 0. 

Then the design impedance Ro, i.e. the characteristic imped- 
ance at zero frequency is given by R= »/(L/C). Hence since 


1 
= ——__., the values of series inductance and shunt capaci- 
hes VIC) . 
tance are given by 
Ro 1 
L=— d C= 
Ife a mf-Ro 
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If a particular case is chosen, e.g. a low-pass filter, having a cut- 
off frequency of 10 kHz in a 75 Q system, 


75 


= x 10* H = 2:39 mH, 
C= ee F = 0-424 pF 
~ eX 108XTS a 


The prototype T and a low-pass filters are then as shown in 
Fig. 1.14 (a) and (b). 


1:2mH 1:2mH 2:39mH 


. i —— See es 
eT alae 


(a) (b) 


Fic. 1.14. 10 kHz low-pass filters. 


1.3.2, Prototype high-pass filters 


This type of filter is shown in Fig. 1.15(a) and (b) with Z; = 


and Z, = joL. 


2c 2c Cc 
—_ — 
L 2L 2L 
(b) 


Fic. 1.15. Constant-& high-pass filters. 
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Then, in the pass band, 


1 
cos B = 1a are 
or w* — re ae 
~ 2LC(1—cos B) * 


The limits of cos B are +1, and hence the limits of w are 
1 


tea gad <o, 
@Wo 24/(IC) an 


1 
Le. c= aa Cand mm... 
fe 4n./(LC) 
This shows that such a filter will pass frequencies between a cut- 
1 
off frequency f, = 4nV/(LC) and -. 
Within this pass band, 
Zi 
cosB = 1 +97, 
i_ 1 
~ — Qe®LC 
2 
“fs 
7) 
2 
i.e. 1—2 sint 2. = 1-2(7] 
2 @ 
= in-2 Oe 
or B =2sin-t*+ (7 ) 


This shows that within the pass band the angle by which the 
output current lags or leads the input current, follows an inverse 
sine relationship if the section is one of an infinite number of sec- 
tions. 
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In the attenuation band when Bf = nz, cos 8 = +1, 


. 1 
1.€. +cosh « = a Fel 
2 
or cosh a = +[1-2(2} |: 
@ 


Since w, is greater than w, the negative sign must be taken, and 
putting 


cosha = 2 cosh? ~—1, 


2 
2.cosh? 5 —I a 2(%) i 


i.e. a = 2cosh7! ial 
re) 


This shows that the attenuation follows an inverse cosh relation- 
ship as indicated by Fig. 1.16. 


Attenuation Pass band 
band 


Attenuation x 


Fic. 1.16. Attenuation coefficient of constant-k high-pass filters. 


Also, since the negative sign for cosh « has been chosen, 8B = +2. 
In fact the negative sign for 8 must be chosen as indicated by Fig. 
1.17. At low frequencies, below cut-off, the circuit is capacitive and 
the voltage across the inductor V, must lead the input current by 90°. 
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Fic. 1.17. Currents in a constant-k high-pass filter. 


This is the drive for the output current which leads V, by a further 
90°. Hence 8 = —z. The complete variation of the phase of the output 
current with respect to the input current is shown in Fig. 1.18. 


a 


Phase of |,; with 
respect to |;j, 


fo ‘ 


Fic. 1.18. Phase relation between input and output currents of a high- 
pass filter. 


The characteristic impedance of the T-type, high-pass section is 


given by 
me 
Zor = /| (3) +22 


where Z1 ae Z2 = joL, 


aa ie Viera a 
=VoV [arc 
=VeVl-() | 
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This obviously varies with frequency. At very high frequencies 
Zor = V(L/C), falling to zero at w = w, and becoming inductive 
below cut-off. 

For the z section, 


Z, - 212s _ 


gia) 


__ vale) 
VE-()] 
@ 

The characteristic impedance is also +/(L/C) at very high frequen- 
cies, rising to infinity at thecut-off frequency and becoming capaci- 
tive below cut-off. The complete variation in characteristic imped- 
ance of prototype high-pass filters is shown in Fig. 1.19. As in 
the case of low-pass filters, some blurring of these curves occurs 


near the cut-off frequency due to the inherent resistance of the 
inductor. 


A 
ns 


Angle of Z, ——~ 


| 
xt 


Fic. 1.19. Characteristic impedance of a high-pass filter. 
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When the filter is incorporated in a system, correct matching 
can only be obtained at one particular frequency. As before, this 
is chosen at the geometric mean frequency of the pass band; i.e. 
at a frequency, 


favfeo=e. 


Then the design impedance Rp, i.e. the characteristic impedance 
at very high frequencies, is given by Ro = +«/(L/C). Hence, since 


1 : ; 2 
i= da) , the values of series capacitance and shunt induct- 


ance are given by 


1 
seas 4x Rof: Anf. ” 


Again, choosing a particular case, i.e. a high-pass prototype 
filter, having a 10 kHz cut-off frequency in a 75 Q system. 


1 


C= Fax TEXTE © = 0100 oF, 
75 


The prototype T and z high-pass filters are then as shown in 
Fig. 1.20 (a) and (b). 


0-212uF 0:2122F 0-106 RF 
—*—I 


1:19mH 1:19mH 


(a) (b) 
Fic. 1.20. 10 kHz high-pass filter. 
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1.3.3. Prototype band-pass filters 


In this type of filter a low impedance series path and high imped- 
ance shunt path is provided for the required band and a low 
impedance shunt path and high impedance series path for unwanted 
frequencies. Series- and parallel-tuned circuits are used as indicated 
in Fig. 1.21. 

In these circuits, different values of series and shunt, inductance 
and capacitance, are used to control the limits of the pass band, 
but they must all be resonant at the same frequency. Hence the 
series inductance is decreased by a factor m and the series capaci- 
tance is increased by a factor while the shunt inductance is in- 
creased and the shunt capacitance decreased by the same ratio. 


Then 


where 05 = 5 


and Z2 => 
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L 
2n 2nc 2nc 2n 
1 ——}} |} aor 
ne £ 
n 
(a) 
Lh, nc 
Cc Cc 
2nL on 2nc = 


(b) 
Fic. 1.21. Constant-k band-pass filter. 


Then in the pass band, 


cos B = 1+ 
be] p-€0)1 


ie. [-(3)] ! (2)']- 2n%(1 —cos B). 


If cos B = 1,@ = wo, i.e. corresponding to the resonant frequency. 


b sereoe ELST ESN 
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2 
or (a) +m( 2) —1 sng 
Wo Wo 
: a) 
ie. aa) =tntV(rt+ I. 
@o 
The possible solutions are 
ON saerege 
(a) V+ 1)tn. 


Hence the limits of the pass band are 


Ai = fol? +1)+n] and fe = fol/(n?+ 1)—n, 
and the pass band covers a frequency range 2fo. Within this pass 
band, 


{] 
+ 


cos B 


2 ay? 
or 1—2sine 5 = 1-2(5 “a 


oO —we 
i.e. = 2sintt{-> *). 
B = ( 2nww 9 
As in the case of low- and high-pass filters, this shows that the 
angle by which the output current lags or leads the input current 
follows an inverse sine relationship if the section is one of an infinite 
number of sections. 
In the attenuation band, when 8 = na, cos 8 = +1, 
(08)? 
2n?w*we ” 


2 732) 2 
is Soeha =+|1-2(F oer) | 


i.e. +coshe = 1— 


2NW®Wo 
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Cosh « must be positive, and hence the negative sign must be 
taken. 


Then 
a% a w?— we E 
2cosh? -—1 2( Fro, 1 
or “a= 2 cosh *+( oie): 
2nNww 


This shows that outside the pass band the attenuation follows 
an inverse cosh relationship, the positive and negative signs being 
chosen for frequencies above and below the pass band respectively. 
The complete relationship is shown in Fig. 1.22. 


Attenuation « 


Fic. 1.22. Attenuation coefficient of a band-pass filter. 


Below the pass band, when w is less than wo, the positive sign 
must be chosen in the expression 8 = 2 sin~1+((w*—w?)/(2nwa,)), 
and by a similar reasoning to that employed for the high-pass 
filter the output current will lead the input current by x. Above 
the pass band (w greater than wo) the output current will lag the 
input current by z. The complete variation in the phase of the 
output current with respect to the input current is shown in Fig. 
1,23. 
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Phase of I,,, with respect to Ii, 


Fic. 1.23. Phase relation between input and output currents of a band- 
pass filter. 


The characteristic impedance of the T-type band-pass section is 


given by 
Z\2 
Zor = V\(@) +ZiZa|, 


where 


Therefore 
27 2 292 
co VL Te 
n a) 
a ae jf i ae since os 
VELA s me tb 


At the resonant frequency w,, Z), = »/(L/C), becoming zero 
at the limits of the pass band and inductive in the attenuation 
band. 
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For the x section the characteristic impedance is given by 


_ ZiZs 


0. = 
. Zor 


Z 


7 V(LIC) 
ow @o\212) * 
V{'-agel'-(2) J] 
This is also »/(L/C) at the resonant frequency rising to infinity 
at the limits of the pass band and becoming capacitive in the 


attenuation band. The complete variation in characteristic imped- 
ance of prototype band-pass filters is shown in Fig. 1.24. 


Fic. 1.24. Characteristic impedance of a constant-k band-pass filter. 


As in previous cases, correct matching of the filter can only be 
obtained at one particular frequency chosen at the geometric mean 
of the pass band, 


i.e. f= Vfl? + 1) +1] fol? + 1) —n}} = fo. 


Then the design impedance Ro, i.e. the characteristic impedance 
at fo is given by Ro = +/(L/C). Hence, since fo = 1/[2%+/(LC)] the 
values of L and C are given by L = Rj/2xfo and C = 1/2nfoRo, 
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where fo is the geometric mean frequency of the pass band. The 
series and shunt elements may then be determined by putting 


fi-h 


af 


As an example of this type of filter, consider a prototype band- 
pass filter for the range 10 kHz to 12-1 kHz in a 75 Q system. 


fo = V(10X 12-1) = 11 kHz. 
75 


Then L= Paxtixio # = 1-06 mH, 
108 
C= Fx iixiox7s ~ 0193 oF, 
2:1 108 
t= Oxiixie 


i.e. the series inductance is L/n = 11-2 mH; 
the series capacitance is mC = 0-0183 pF; 
the shunt inductance is nL = 0-101 mH; 
the shunt capacitance is C/n = 2:03 pF. 


Complete prototype T and 2 band-pass filters are shown in 
Fig. 1.25, 


1.3.4. Prototype band-stop filters 


In this type of filter a high impedance series path and low im- 
pedance shunt path is provided for the band that is to be stopped, 
and a low impedance series path and high impedance shunt path 
for wanted frequencies. Parallel- and series-tuned circuits are used 
as indicated in Fig. 1.26. 

In these circuits, different values of series and shunt, inductance 
and capacitance are used to control the limits of the band that 
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is to be stopped, but they must all be resonant at the same fre- 
quency. Hence the series inductance is decreased by a factor n and 
the series capacitance is increased by a factor n while the shunt in- 
ductance is increased and the shunt capacitance decreased by the 
same ratio. Then 


_ jo(L/n)X1/GanC) 

~ jo(L|n)+ 1/(jaC) 
joL 

~ H(t —@*LC) 


Z 


~ 


where oe = —— 


. n 
and Ze = jonL+ Fo 


‘ 1 


Then, in the pass band, 


cos B = 14+ -— 


I 


i [E(@)]D(6) | = ara 
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If cos 8 = 1, @ = 0 or © corresponding to extremes of the pass 
bands. 
If cos 8 =—1, 


~ (ata (@)=9 
| 


The possible solutions are 
@ 1 \? 1 
(=) = V [(ae) #1] a5: 
Hence the other extremes of the pass bands are: 
n=nrl l(t) +i]+2 
oly (+o 
1 \2 1 
ho =r y/| (3) +1] “ap 


and the stop band covers a frequency range fo/2n. 
Within the pass band, 


cos B = 14-5 
Sy SO 
2n?( co? — co2)* 
fg (Pp WW 2 
ly Et aes em 
or 1—2sin? 5 = 1 2| set aty | 
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. ‘a @Wo 
e. = 2sin-1+| —_,—_ |. 
i.e B si +] Ina? — a) 
As in the previous cases, this shows that the angle by which the 
output current lags or leads the input current follows an inverse 
sine relationship if the section is one of an infinite number of 
sections. 
In the attenuation band, when 8 = nz, cos B = 1, 
wwe 


1.€. tcosha = |—Fie—aae 


Cosh « must be positive, and hence the negative sign must be taken. 
Then 


2 
9 cosh 1 = 2| alata | 4 


2 2n(w* — @?) 
= a ey (eras, 
or a = 2cosh +] Pleo on) |: 


This shows that within the attenuation band the attenuation 
follows an inverse cosh relationship, the positive and negative signs 
being chosen for frequencies between fo and fi and f2 and fp re- 
spectively. The complete relationship is shown in Fig. 1.27. 

Within the stop band when wo is less than wo the negative sign 
must be chosen in the expression 8 = 2 sin~!+ [wwo/2n(w* — ?)] 


Attenuation « 


Fic. 1.27. Attenuation coefficient of a band-stop filter. 
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and by a similar reasoning to that employed in the low-pass filter the 
output current will lag the input current by x. If w is greater than 
@o, still within the pass band, the output current will lead the input 
current by x. The complete variation in the phase of the output 
current with respect to the input current is shown in Fig. 1.28. 


in 


Phase of 1, with respect to J 


Fic. 1.28. Phase relation between input and output currents of a band- 


stop filter. 


The characteristic impedance of the 7-type band-stop section is 


given by 


where Z, = 


Therefore 


zo (22 
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where oR = ic 

At low frequencies Z,7 is VIC) falling to zero at fo. At high 
frequencies Z,7 is also »/(L/C) again falling to zero at fi. Within 
the stop band, Z,, is inductive rising to infinity at fo, the geometric 
mean of the limits of the stop band. For the x section, 


a7 
ou Zor 


V(EIC) 


@2 
2572 
moll (a) | 
Wo 

This is also »/(L/C) at zero and infinite frequencies, rising to in- 
finity at the limits of the stop band and becoming capacitive within 
the attenuation band. The complete variation in characteristic im- 
pedance of prototype band-stop filters is shown in Fig. 1.29. 


As in previous cases, correct matching of the filter cannot be 
obtained over the complete frequency band. The geometric mean 


1 


Fic. 1.29. Characteristic impedance of a band-stop filter. 
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of either pass band may be chosen, and in this case the design 
frequency is either o or 0, giving Ro = +/(L/C). Hence, since 
fa = Vif = 5m 
o- if Shen In V(LC) > 


_ Ro ad 
7 2xfo 7 ~ 2nfoRo ° 


The series and shunt elements may then be determined by putting 


Sf 


oe 0 
~ 2fi-fa)" 


If a prototype band-stop filter for the range 10 kHz to 12:1 kHz 
in a 75 Q system is considered, 


fo = VU0X 12-1) = 11 kHz, 


5 
Ue AMIIeior ee 
108 
C= Sx iPoxTs ~ 01% BF, 
11X 108 
"= DarKie ~ 764 


i.e. the series inductance is L/n = 0-405 mH; 
the series capacitance is nC = 0-505 pF; 
the shunt inductance ism = 2:78 mH; 
the shunt capacitance is C/n = 0-0736 uF. 


Complete prototype T and a band-stop filters are shown in 
Fig. 1.30. 
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0203 mH 0-203 mH 


1:01 2F 4-01 LF 


2:78mH 
pias AF 


0405 mH 


556 mH 0-505 pF 556 mH 


0-0368 uF T T 0-0368 pF. 


Fia. 1.30. 10-12°1 kHz band-stop filter. 


1.4. m-Derived Sections 


One of the main disadvantages of prototype filters is the low 
rate of rise of attenuation beyond cut-off. This may be counteracted 
by the use of m-derived sections. The analysis of such sections 
requires the use of the theorem that states that if two sections 
have the same characteristic impedance they have the same pass 
band. 

An m-derived T section may be constructed by multiplying the 
component values in the series arm by a factor m and calculating 
the new value of the shunt components, i.e. from Fig. 1.31 (a) and 
(b), for the same characteristic impedance, 


a= {(2)-22] = [CBee 


etetis eed 


: 1 
ie. z = 4 an = 


For this to be valid over the complete range of frequency (i.e. 
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Z 2, mZ mZ, 
2 


(a) (b) 
Fic. 1.31. Derivation of an m-derived T section. 


without changing the nature of the reactances), m must be positive 
and less than unity, 
Le. O<m< 1. 


The m-derived section is then as shown in Fig. 1.32. 


mZ, mZ, 


Fic. 1.32. m-Derived T section. 


A similar treatment may be employed for the x section, but, as 
indicated previously, it is easier to work in admittances and multiply 
the shunt admittance by a factor m. Prototype and m-derived x 
sections are shown in Fig. 1.33 (a) and (b). 


Y%, vy 


ae 


(a) (b) 
Kia. 1.33. Derivation of an m-derived x section. 
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For the same characteristic admittance, 


fa fear = Ceo 


(=m Ve Ya 


1.e. Yi — ie Pe 


This has the same restriction as the T section, ie. O< m< |? 
and the m-derived x section is shown in its impedance form in 
Fig. 1.34. 


mZ, 


Fic. 1.34. m-Derived section. 


1.4.1. m-Derived low-pass filters 


As stated previously, a prototype low-pass filter has a relatively 
low rate of rise of attenuation beyond cut-off. This rises to an 
infinite value at an infinite frequency. If the frequency at which 
infinite attenuation occurs is reduced, there will be a corresponding 
increase in the rate of rise of attenuation from cut-off at the cost 
of reduced attenuation at the higher frequencies. 


(a) (b) 
Fic. 1.35. mt-Derived low-pass filter. 
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Infinite attenuation occurs in a T section at the series resonant 
frequency of the shunt arm, while for az section infinite attenuation 
occurs at the parallel resonant frequency of the series arm. These 
sections are shown in Fig. 1.35 (a) and (b), and in each case the 
resonant angular frequency, i.e. the angu.ar frequency at which 
there is infinite attenuation, is given by 


a, = 


Typical attenuation curves for an m-derived low-pass filter are 
shown in Fig. 1.36. 


m=1 
(prototype) 


Attenuation a 


Fic. 1.36. Attenuation coefficient of an m-derived low-pass filter. 


As an example of the use of m-derived low-pass filters, consider 
the previous example, i.e. a low-pass filter having a cut-off fre- 
quency of 10 kHz in a 75 Q system with the additional limitation that 
a very high attenuation is required at 12 kHz. 
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108 
Hence 1-44 108 = 
1—m? 
or m2 = 0-306, 
i.e. m = 0°553. 


Then the series inductance is 0-553 X 2-39 = 1:32 mH; 


the shunt capacitance is 0-553 X0-424 = 0-234 pF; 

AN F . {1—0-306 

the additional shunt inductance is (az0553 
0:75 mH; 

the additional capacitance in the series arm for the 7 section 


is (ax0553) 0-424 = 0-133 pF. 


)x239 = 


4X0:553 


Such T and x, m-derived low-pass filters are shown in Fig. 1.37. 
In general, to achieve a high rate of rise of attenuation, a somewhat 
lower value of m would be chosen, say m = 0:3 or 0-4. 


132mH 
066mH  066mH 
0-234 uF 
0133 uF 
0117 WF 0117 uF 
0-75mH il 
(a) (b) 7 


Fic. 1.37. 10 kHz m-derived low-pass filter. 


1.4.2. m-Derived high-pass filters 


A similar approach to that used with low-pass filters may be 
employed with high-pass filters, but in this case the infinite attenu- 
ation occurs at a chosen frequency between zero and cut off. 

Typical m-derived, high-pass sections are shown in Fig. 1.38(a) 
and (b). Infinite attenuation occurs at the series resonant frequency 
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4m 
iB 
2c 2c 1< mi 
m m 
t/m 
C/m 
2 aL 
4m m ™ 


Fic. 1.38. m-Derived high-pass filter. 


of the shunt arm for the T section and the parallel resonant fre- 
quency of the series arm for the x section. 
In each case 


aw Se 
“LE (4m \o 
m tal 
= (l—m)o?. 


Typical attenuation curves for an m-derived high-pass filter are 
shown in Fig. 1.39. 

As an example of an m-derived high-pass filter, consider the 
previous example in Fig. 1.20, i.e. a high-pass filter having a cut-off 
frequency of 10 kHz in a 75 Q system with the additional limitation 


m=1 m=0-8 m=06 


Attenuation « 
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Fic. 1.39. Attenuation coefficient of an m-derived high-pass filter. 
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that a very high attenuation is required at 8 kHz, 


1.e. 64x 108 = (1 —m?)108 
or m = 0-36, 
i.e. m= 0-6. 


Then the series capacitance is ae = 0-177 pF; 


the shunt inductance is oo = = 0-995 mH; 
. . wx 0-6 
the additional shunt capacitance is =p: 20.36%" 106 = 


0-398 »F; 
the additional inductance in the series arm for the z section 


5 4X0: 6 
ae 936%? -597 = 2:24 mH. 
Such T and x, m-derived high-pass filters are shown in Fig. 1.40. 
In general, m would be 0-3 or 0-4 to achieve a high rate of rise in 
attenuation from cut-off. 


2:24mH 


0354uF 0354pF 


0995mH 


0.398pF 


Fia. 1.40. 10 kHz m-derived high-pass filter. 


1.4.3. m-Derived band-pass filters 


Following the same pattern as previous m-derived sections, 
infinite attenuation may be obtained at specified frequencies outside 
the pass band. Typical m-derived band-pass sections are shown in 
Fig. 1.41 (a) and (b). 
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2n¢ mL 
——w—f jj} 
aL me 
cs n 
tom) 1 
Cin VF 
4mnc 


(b) 


Fia. 1.41. m-Derived band-pass filters. 


Infinite attenuation occurs at the series resonant frequencies of 


the shunt arm for the T section and at the parallel resonant frequen- 
cies of the series arm of the z section. For the T section, 


jonk. 
_— Gd=m) , (l-m) L om “© jomC 
Zs = ighmnC +jo( dm 7 n jon 1 
——— f 
m — jomc 
1—m?\ 1—a@LC) in JonL ; 
= ( 4m jonC mi—wLC) ’ 
uttin op =, 
p Ing 07 LC’ 


@ 
5 -, 
jindrmnC| i— (<) | 
62) 
For this to be zero, 


(1m) |1 (=) | ane(Ce)=0 
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[!- (Ze) | = areas (ae) 
ie. (cz) sim i sty 
ee (cz) = nant) lacaat i). 


The possible solutions of this equation are 


(5) = Vacant! yaa 


The series admittance for the x section is 


jonC n 
me a ae (ar) m jomL 


se jo4mnL 4m } n° jonC 2 


m jomL 


This is comparable with the shunt impedance of the T section 
and equating to zero yields the same result for the frequencies 
at which infinite attenuation occurs. 

Typical attenuation curves for m-derived band-pass filters are 
shown in Fig. 1.42. 


m=1 


Attenuation « 


f 


fees > E f, 3, 


Fic. 1.42. Attenuation coefficient of an m-derived band-pass filter. 
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As an example of this type, the band-pass filter previously 
discussed in section 1.3.3 may be considered, i.e. a band-pass filter 
for the range 10-12-1 kHzin a 75 Q system. If there is an additional 
limitation of a very high attenuation at 9 kHz in the lower attenua- 


tion band, 
a = 0-0952 Age 0-095 
11 Ee a/(1--m?) ’ 

F 0:095 0-095? 

1.e. a Vlas!) 

0-095? 0:155 0-095? 
OT a) =m) ~ ma) tb 
0°155 

. ere Cee 

i.e. 1—m ( (x6: zm) 

or m2 = 0°78, 


m = 0°883. 


This also gives a very high attenuation at 13-44 kHz in the upper 
attenuation band. 


Then the series inductance is 0°883 11:2 = 9-9 mH; 


: : : 0:0183 
the series capacitance is 0-883. 7 0-0207 pF; 
: F 0-101 
the shunt inductance is 0383 —O 0-114 mH; 


the shunt capacitance is 0-883 X 2:03 = 1-79 pF; 


the additional series inductance for the shunt arm of the T 


er 1—0-78 
section is (acoaes) 11-2 = 0°70 mH; 


the additional series capacitance for the shunt arm of the 


.  . 4X 0-883 : 
T section is 10-78 X0-0183 = 0-294 uF; 
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the additional shunt inductance for the series arm of the a 


. . 4X0-883 _ ; 
section is (i—0- (0-78) 0-101 = 1-62 mH; 
the additional shunt capacitance for the series arm of the x 
.. » (1—0-78) ne 25 
section is 4520-883 X 2:03 = 0°126 uF. 


Such T and x, band-pass, m-derived filters are shown in Fig. 1.43. 


9-90mH 90207 BF 
00414RF 00414uF 


495mH 4.95mH 
0 ff» f ae e-—$ 0126 pF p——9 — 
| ae 
bs ne 12 
osname a yan 
* 


il 179 pF 162mH 
| ze _ (= al 
0:228mH dd B = 


09 uF 0:228mH 0-8 UF 
i 0-70 mH eo aed 


= _ oan ot on _— + 


Fic. 1.43. 10-12°1 kHz m-derived band-pass filter, 


=k0.294 pe 


1.4.4, m-Derived band-stop filters 


Typical m-derived band-stop sections are illustrated in Fig. 
1.44 (a) and (b). 


mL/p, 


me mt 


= me 


yk mC 
1—m2 4m /n if 2n 
z 4 a2 
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Fic. 1.44. m-Derived band-stop filters, 
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The frequencies of infinite attenuation occur at the series- 
resonant frequencies of the shunt arm for the T section and the 
parallel-resonant frequencies for the w section. For the T section, 


jo Ga) Ey (1—m?) 


jonL | : 4m } n°“ jod4mnC 
oh m — jomC ‘ 1—m*) L | (1—m?) 
d ( 4m ) n jo4mnC 
jo( 4") L 
_ on vii 4m ]n . 
eC ee ea 
: 3 1 
putting @ = IC’ 


2 
4jomnC| 1— a) 
@o 
For this to be zero, 
272 2 
(Ca) 0m a) 
Mo Wo 
2 m2 
\- (=) hg em) (2) 
Wo 2n Wo 


ie. (cz) + ye) a 1=0 


Wo 2n @o 


@.\  , V(1—m*) (i —m?) 
: eae £Y [ime fl 
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The possible solutions of this equation are 


a (1—m?) /(A—m?) 
a = | 16? +1] 7 
The series admittance for the x section is 


(—m’) _ joC(i—m?) 


y=" 1 jenc 4 jo4mnL 4mn 
°° jomL om (—m?)  joC(l—m®) ° 
jo4mnL 4mn 


This is comparable with the shunt impedance of the T section, 
and equating to zero yields the same result for the frequencies 
at which infinite attenuation occurs. 

Typical attenuation curves for m-derived band-stop filters are 
shown in Fig. 1.45. 


Attenuation « 


Fic. 1.45. Attenuation coefficient of an m-derived band-stop filter. 


As an example of this type, the band-stop filter previously 
discussed in section 1.3.4 may be considered, i.e. a band-stop filter 
for the range 10-12-] kHz in a 75 Q system. If there is an additional 
limitation of a very high attenuation at 10-45 kHz, 


(A) = | [pexeee!|-“Sper 
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, og Ml—m?) _ ff =m) 
ae Ue axaea = rexeeet 

. (l-m)  1.9V(I—m®) _ (1—m) 

0903+ 62 t 4048 > Toxde2% th 
0-097 10-48 \2 
1.€,. l—m = = 
19 
or m = 0-714, 
i Z0845, 


Then the inductance in the series arm is 0-845 X 0-405 = 0-342 mH; 
0-505 


the capacitance in the series arm is 0.845 = 0-6 pF; 
the shunt inductance is 0-345 = 3-29 mH; 
the shunt capacitance is 0-845 x0-0736 = 0-062 uF; 


the additional capacitance in the shunt arm for the T section 


is 40-845 X0:505 


0-286 Soe. 


the additional inductance in the shunt arm for the T section 
0:286 


the additional series inductance for the z section is 
4x 0-845 : 


the additional series capacitance for the z section is 


0-286 
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Such 7 and x, m-derived band-stop filters are shown in Fig. 1.46. 
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Fic. 1.46. 10-12°1 kHz m-derived band-stop filter. 


1.5. m-Derived Half Section 


One disadvantage with prototype sections, i.e. the low rate of 
rise of attenuation beyond cut-off, has already been discussed. The 
other main disadvantage is the variation of characteristic imped- 
ance over the pass band. This may be counteracted by using 
m-derived half sections for matching purposes. 

For such asymmetrical sections, one cannot work in terms of 
characteristic impedance. Instead the image impedances must be 
considered, these being defined as two impedances such that if one 
is connected across two terminals the other is presented across the 
other two. 

Figure 1.47 shows an m-derived 7 section split in two to produce 


Fic. 1.47. Derivation of m-derived half T section. 
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Fic. 1.48. m-derived half T section. 


the half sections, and Fig. 1.48 the half section with appropriate 
image impedances. 
Then 


Zn = WV LocrZ scr 


where Z,,, and Z,., are the open and short circuit impedances 
looking into terminals AB, 


2Z. 1—m? 
i tn fF Mesa) 2] 
- f (22.2) 

-. E om 2 


= Zi 
- e203 


= Zor 
and Zo2 =< V LocrLsc2s 


Fic. 1.49. m-Derived half z section. 
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where Z,.. and Z,.. are the open and short circuit impedances 
looking into terminals CD, 


m m 


. 2Z2 1—ne 4 2 
Bee Za =\/| m +2/ 4m )4| mZ, 22. 1—r2 
5) + +2/ )Z 
m 4m 
2Z2 1—m? mZ, 
7 | 22 +2 a) | 2 
os mZ, mzZy 2Z5 — me 
1 : 21 22 +2("Gar) Z| 
2 mz | 
_ (aaa F Z 
Zor 
neZ? 
aay 


This is known as Zo7,,- 

In a similar manner, the m-derived x section shown in Fig. 1.34 
may be split in two as shown in Fig. 1.49. 

Then 

2y2 
Youn = Yooper? 

Using half sections, the image impedance Z); enables correct 
matching to full filter sections to be achieved while the other image 
impedance Zo7,, may be matched to the system. The value of Zp7,, 
(or Youm) Obviously depends on m and typical variations of Zor, 
are shown in Fig. 1.50 (a) to (d). 

Obviously, from the curves shown in Fig. 1.50, the optimum 
value of m for the matching section is 0:6. Using this value, matching 
sections for the cases previously discussed may be calculated. 
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Z otm —----e 


(c) Band pass (d) Band stop 


Fic. 1.50, Characteristic impedance of m-derived half sections. 


1.5.1. Matching section for low-pass filter 

If the filter previously discussed in section 1.4.1 is considered, the 
matching half section for a low-pass filter with a cut-off frequency 
of 10kHz for a 75 Q system may be derived by putting m = 0°6. 
Then the series inductance is 06X2:39 = 1-43 mH; 


the shunt capacitance is 0-6 0-424 = 0-254 uF; 
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the additional shunt inductance for the T section is 


(1—0-36) hie. : 
AGG: X 2:39 = 0-67 mH; 
the additional capacitance in the series arm of the z section 
(1—0-36) 
. = 0-1 . 
is (4x06) 6044 0-113 pF 


The appropriate matching sections for the low-pass filters are 
then as shown in Fig. 1.5]. 


0-715mH 
0-715mH 
04127uF 0-226 uF 
205 = 2otm Zox > O27 UF ~—Zonm 
1:34mH 


(a) (b) 
Fic. 1.51. m-Derived low-pass half sections. 


1.5.2. Matching section for a high-pass filter 


This, again, may be derived from the discussion in section 1.4.2, 
i.e. a high-pass filter with a cut-off frequency of 10 kHz in a 75 Q 
system. In fact the section discussed was evaluated for m = 0-6 and 
the matching half sections are as shown in Fig. 1.52 (a) and (b). 
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at 
Fic. 1.52. m-Derived high-pass half sections. 
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1.5.3. Matching section for a band-pass filter 


If m is put equal to 0-6 in the filter derived in section 1.4.3, 
matching half sections for a band-pass filter may be obtained. 


Then the series inductance is 0-6 11-2 = 6-72 mH; 


the series capacitance is ss = 0-0305 pF; 
: . 0-101 
the shunt inductance is 06 = 0:168 mH; 


the shunt capacitance is 0-62-03 = 1-22 uF; 


the additional shunt inductance for the T section is 


1—0-36 
(ax06) x12 = 2.99 mH; 
the additional shunt capacitance for the T section is 
4x06 = ; 
(j=038) x0-0183 = 0-0686 pF; 
the additional inductance in the series arm of the section 
. {4x06 = ; 
is (36) *° 101 = 0-379 mH; 
the additional capacitance in the series arm of the z section 
. {1-0:36 
s (axe) >? 03 = 0-508 uF. 


Using these values, the terminating half section for a band-pass 
filter for the range 10-12-1 kHz in a 75 Q system are as shown in 
Fig. 1.53(a)and (b). In practice, the shunt arm of the T half section 
is sometimes converted into an equivalent network comprising 
two series resonant circuits in parallel, while the series arm of the 
x half section is replaced by an equivalent network comprising two 
parallel resonant circuits in series. 
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Fic. 1.53. m-Derived band-pass half sections. 


1.5.4. Matching half section for a band-stop filter 


As with previous matching sections, this simply involves putting 
m = 0-6 in the m-derived discussion in section 1.4.4 and splitting 
the section into two. For the complete section: 


the inductance in series arm is 0-6 X0-405 = 0-243 mH; 


the capacitance in the series arm is —— = 0:84 uF; 
the shunt inductance is oe = 4-63 mH; 
the shunt capacitance is 0:6 x0-0736 = 0:0442 uF; 
the additional capacitance in the shunt arm for the T section 
. 4x06 ; 
IS “oa *? 505 = 1-89 uF; 
the additional inductance in the shunt arm of the T section 
. 0:64 
1S A506 0405 = 0-108 mH; 
the additional series inductance for the z section is 
4X06 9.78 — 10-4 mH; 


0-64 
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the additional series capacitance for the x section is 


0:64 
He0-6 % 00736 = 0:0196 uF. 


The matching T and x half sections are then as shown in Fig. 
1.54. As in the case of the band pass filter the shunt arm of the T 
half section is sometimes converted into an equivalent network 


0122mH : 0-122mH 
1-68,F 9:26mH 
: 0-022 uF 
26r Zotm oan 
0-945uF 0:216mH i 
0.022 uF 


—— 


(a) (b) 
Fic. 1.54. m-Derived band-stop half sections. 


comprising two series resonant circuits in parallel and the series 
arm of the x half section replaced by two parallel resonant circuits 
in series. 


1.6. Complete Filter Networks 


As indicated in previous sections, a complete filter usually 
comprises, before reduction to its final form, several sections, 1.e. 


(1) A prototype section to maintain a high attenuation away 
from the pass band. 


(2) An m-derived section to achieve a high rate of rise of attenu- 
ation from cut off. 


(3) Matching sections to achieve a reasonable degree of matching 
over the majority of the pass band. 
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Any of the types previously discussed can now be combined 
to give a complete filter. If, for example, a complete low-pass filter 
with a cut-off frequency of 10 kHz for a 75 Q system is required 
with high attenuation at 12 kHz and reasonable matching over the 
pass band, a suitable circuit would be as shown in Fig. 1.55. This 
reduces to Fig. 1.56. 


0-715mH 12mH_ 1:2mH 066mH 066mH 0-715mH 


i 0427uF 0.234uF L 01 ure 
752 ——Z 0-424 uF -——ie 752 
" B134mH | —~257 £075mH— 434mH a 


Matching Prototype m-derived Matching 
.. section section section section 
m=06 m=06 


Fic. 1.55. Derivation of complete low-pass filter. 
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Fic. 1.56. Complete low-pass filter. 


Questions on Chapter 1 


Q.1. An unchanged capacitor C is connected in series with a resistance 
Randa d.c. voltage V applied to the combination. Derive an expression for the 
charge on the capacitor after a time /. 

Q.2. A voltage V,, sin wt is connected to an unfluxed inductance L in series 
with a resistance R at the instant when ¢ = 0. Show that the current flowing 
after a time ¢ is given by 


V, 


is VR oS [e~ #4” sin 0 + sin (wt — 6)], 


ob 
h =—,. 
where tang R 
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Q.3. Explain, with reference to a low-pass filter, how the characteristic 
impedance of a symmetrical T section varies with frequency. 


Q.4. Design a high-pass prototype filter with a cut-off angular frequency 
of 20,000 rad/s in a 500 Q system. Discuss the limitations of such a filter and 
explain how these may be overcome. 


Q.5. A high-pass filter with a cut-off frequency of 2 MHz is required for a 
150 Q feeder. Design such a filter including provision for high attenuation at 
800 kHz and reasonable matching over the pass band. 


Q.6. Design a prototype band-pass filter having cut-off frequencies of 10 kHz 
and 40 kHz in a 600 Q system. 


CHAPTER 2 


Basic Physical Theory 


In THIS chapter the qualitative explanation of the physical proper- 
ties of solids discussed in previous volumes will be extended and 
a more quantitative approach developed. The application to pn 
junctions and practical devices will be considered in the next 
chapter. 


2.1. Electronic Structure of Matter 


All atoms may be regarded as being composed of electrons 
rotating in circular or elliptical orbits about the nucleus of protons 
and neutrons. The simplest case is the hydrogen atom with one 
electron rotating in a circular orbit about a proton. 

The radius of this orbit may be determined by using Bohr’s 
basic assumption regarding any electron orbit. This assumption 
is that the angular momentum in any stable orbit must be an 
integral number of h/27, where h is Planck’s constant. 

Thus if the moment of inertia of an electron is J and its angular 
velocity is «, 


nh 
lo = — 
2x’ 
where 7 is an integer, 
: v nh 
i.e. mr — = —— 
Cr 2? 


where m, is the mass of an electron in kg, r is its distance from the 
60 
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nucleus in metres, and v its velocity in metres per second. Hence, 


merd = 5. (2.1.1) 


Also equating the centrifugal force to the attractive force be- 
tween electron and nucleus, 


mv e 
r Agtegr?’ 


(2.1.2) 


where e is the charge on an electron and €o is the permittivity of 
free space 


If v is eliminated between eqns. (2.1.1) and (2.1.2), 


= nhe 0 
ne?m, 


This equation enables the radii of possible orbits to be deter- 
mined. Putting = 1 and substituting for h, eo, 2, and m, gives 
r = 0-529 A. This is the radius of the stable orbit nearest the 
nucleus and is the one normally occupied. Putting n = 2 gives a 
value for r of 2-11 A, and is the radius of the second possible 
orbit. If, by some means, energy is supplied to raise the electron 
to the second possible orbit, it will eventually fall back to the 
inner stable orbit giving up its energy as radiation, the frequency 
f of which is given by 


E.,—E, => hf, 
where E» and £; are the energies of the two orbits. 


The radiated energy, in the form of visible light, is then charac- 
teristic of hydrogen. 
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The values of energy in these possible orbits may be obtained 
by adding the values of potential and kinetic energy (PE and KE), 
the former being the work done by an electron moving from infinity 
to a radius r, 


ie. Total energy = PE+KE 
_ [i ede, me? 
~ J Anfor® 2 
e ag 


=~ dneor + Ber 


e e4me 


Sreor se n*h? * 


Thus for the first orbit of hydrogen, i.e. n = 1, the total energy 
is ~217X10-” J or —13-7 eV. The negative sign indicates that 
work must be done to remove the electron from the atom. The con- 
stant 2 is known as the principal quantum number and designates 
the K shell. If 1 is put equal to 2, the resulting energy value corre- 
sponds to that of the second shell, i.e. the L shell. 


2.1.1. Quantum numbers 


The previous paragraph has introduced the idea of the principal 
quantum number. In fact, there are four quantum numbers asso- 
ciated with each electron orbit. 


(a) The principal quantum number (n) 


For a single atom the electrons are arranged in shells of definite 
energy level where the electrostatic force of attraction is balanced 
by the centrifugal force on the electron. The principal quantum 
number n, which has integer values, gives the energy levels in these 
shells in arbitrary units. The value of these units depends on the 
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element since the heavier elements with a greater positive charge 
on the nucleus give rise to a greater attractive force. That is, 7 = 1 
corresponds to the K shell, m = 2 the LZ shell, etc. Thus a shell 
contains all the electrons with the same principal quantum number. 


(b) The subsidiary quantum number (1) 


This is a measure of the eccentricity of the electron orbits and 
has a slight effect on the electron energy. It may have values of 
0 < 1 < n—1 and corresponds to the subshells. That is, nm = 1 can 
only have one value 0, i.e. one subshell: 1 = 2 can have values 
0 or 1, i.e. two subshells. Thus a subshell contains all the electrons 
with the same principal and subsidiary quantum numbers. 


(c) The magnetic quantum number (m) 


This is associated with the rotation of the electrons about the 
nucleus and has a slight effect on the energy and may have values: 


—-l<m<l, 
i.e. 1=0 m=0, 
l= 1 m= -—l, 0 or 1, 


1=2 m=-2,-—1,0, 1 or 2. 


(d) The spin quantum number (m,) 


This is associated with the rotation of the electron about its 
axis and may have two values ++. 

The application of Pauli’s exclusion principle, which states that 
no two electrons may have the same four quantum numbers, will 
now give the number of possible electron orbits: 


n= 1, Kshell, / = 0, ls subshell, m =0 


m, = +4, 2 electrons. 
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n = 2, L shell, = 0, 2s subshell, m = 0, 
m, =+4, 2 electrons; 
1 = 1, 2p subshell, m = —1, 0, 1, 
m, = +4, 6 electrons. 
n = 3,Mshell, 1] = 0, 3s subshell, m =O 
m, =+4, 2 electrons; 
1 = 1, 3p subshell, m =—1, 0,1 
m, =++4, 6 electrons; 
1 = 2, 3d subshell, m =—2, —1, 0, 1,2 
m, = +4, 10 electrons. 
n= 4,N shell, 7 = 0, 4s subshell, m = 0, 
m, = +4, 2 electrons; 
1 = 1, 4p subshell, m =—1, 0,1 
m; =+4, 6 electrons; 
1 = 2, 4d subshell, m =—2, —1,0, 1,2 
m, = +4, 10 electrons; 
1 = 3, 4fsubshell, m =—3, —2, —1,0, 1, 2, 3, 
mM, = +4, 14 electrons. 


This shows that the K shell has 2 possible electron states, the L shell 
8, the M shell 18, and the N shell 32. The number of electron states 
in any shell is twice the square of the principal quantum number. 

The significance of these quantum numbers lies in their appli- 
cation to the band theory of solids and, in particular, to semicon- 
ductor theory. The electrons in any shell only have the same energy 
when a single atom is considered. As soon as a collection of atoms 
is considered, the permissible energy levels spread out into bands. 
Each of these bands correspond to a subshell. The interaction 
between atoms and electrons is such that the electrons in certain 
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subshells, e.g. in the fourth shell, may be more tightly bound to the 
nucleus than electrons in lower shells, e.g. the third shell. 

A typical band structure for a solid is illustrated by Fig. 2.1. 
This shows the outer conduction band, the inner valence band, 
and dotted curves representing the energy binding electrons to the 
nuclei and the energy barrier constraining the electrons within 
the crystal. 


\ 
————————— Conduction 
band 


“Nalence band 


Energy 


Atomic 
spacing 


Distance -—————> 


Fic. 2.1. Band structure. 


The Bohr atom theory outlined in this section has been super- 
seded for many purposes by the model developed using wave 
mechanics. This approach involves the relation between matter 
and radiation and de Broglie extended the theory to show that an 
electron could be represented by a wave motion. The wavelength 
A associated with this wave motion is given by 

t= h 


~ mv’ 


where ft is Planck’s constant, m, is the mass of an electron, and 
v is the velocity of an electron. 

The theory is covered in detail in many physics textbooks, and 
leads to Schrodinger’s wave equation the solution of which gives 
the probability of finding an electron at a given point. 
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2.2. Conductors 


Conductors are characterized by having a number of free elec- 
trons able to wander through the conductor and be attracted to a 
positively applied potential. In terms of energy levels, this implies 
a partially filled conduction band as shown in Fig. 2.2. 


Conduction band 


Energy 


Distance 


Fic. 2.2. Energy levels in a conductor. 


Conduction takes place by electrons acquiring energy from the 
applied field and rising to a higher energy level. They drop back 
to lower energy levels on collision but immediately acquire more 
energy. There is a net movement or drift of electrons towards 
the positive electrode. 

This drift velocity v, is directly proportional to the applied 
field E. The constant of proportionality is known as the mobility 
of the electron yy; 


ie. VE = MEE. 

If vy is in m/s, E in V/m, the units of mobility are m?/Vs. The 
current J flowing at any instant may be equated to the charge 
passing a given point, per second; 


ice. I = Neeved, 


where e is the charge on an electron, Nj, is the number of free 
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electrons/m', and A is the area of the conductor (m2), 


or I= NgepgEA 


V 
— Neh > A, 
where V is the applied voltage and L the length of the conductor. 


Rearranging, 
veOUdTI - L 
I” Nrewg A’ 


1/(Nzeftz) obviously corresponds to the resistivity 9. This increases 
with temperature due to a reduction in mobility resulting from 
the increased number of collisions caused by the larger atomic 
vibrations. 


2.2.1 Hall effect in conductors 


If a conductor carries a current J in a field of flux density B 
webers per square metre, the electrons will experience a deflecting 
force Bev, newtons, as shown in Fig. 2.3. 


Bev. 
E 


Fic. 2.3. Hall effect. 


The accumulation of electrons at the base will give rise to an 
electric field F,, across the conductor and the production of this 
field is known as the Hall effect. 
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In equilibrium eEy = Bevg 
0 vp = EH 
r iE B . 
. I 
Thecurrent density, J = qa Neeve 
_ NeeEn 
~ £B 


Hence 1/Nze = E,,/BJ, and this is known as the Hall coefficient 
(R,). This equation enables N, to be determined. 
Also 
_ 1 | Ry 
ME Nee @’ 
enabling the mobility to be found. 

Inside the conductor the resultant electric field is due to two 
components—the applied field and the Hall field. The angle be- 
tween these components is known as the Hall angle; 

Ey 


i.e. tan? = as 


_ Bug 
~~ &E 
= Bug since vg = Mee. 


For practical purposes the Hall effect in conductors is very small. 
This follows from the equation E,, = BJ/Nze, since the number of 
free electrons N, for a conductor is very high, say 10°® per m3, 


2.3. Insulators 


When the energy band diagram for an insulator is considered, 
there is a large energy gap between a full valence band and an 
empty conduction band. For conduction to take place electrons 
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must acquire sufficient energy to jump this energy gap, and this 
leads to a decrease in resistivity with temperature. In practice, 
any conduction in insulators is usually due to minute traces of 
impurities. 


2.4. Intrinsic Semiconductors 


The energy band diagram for an intrinsic semiconductor is 
similar to that of an insulator but with a lower energy gap, 0-72 eV 
for germanium and 1-1 eV for silicon. This gap is such that even 
at room temperature some electrons are raised from the valence 
to the conduction band. 

The total current flowing is then the sum of that due to electrons 
and holes; 

i.e. I = NgevgeA+NyevyA, 

where Ny and N, are the number of electrons and holes respec- 
tively (obviously N,; and N,, are equal and may be put equal to 
N,), Vg and vy are the drift velocities of electrons and holes respec- 
tively, e is the charge on an electron, and A is the area of the 


semiconductor. 
Also 
Ve = MEE and vy = byzE, 


where f, and yt, are the mobilities of electrons and holes respec- 
tively and E is the electric field strength. 
Therefore 
T= Nie(tet eu) AE, 
but E = V/L, where V is the applied voltage and L the length of 
the semiconductor; 


; AV 
i.e. I= Nie(te + Ma) - 


V I Ss L 
IT Nye(tetpu) ~~ Ao 


Rearranging, 
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Hence the resistivity of a sample of an intrinsic semiconductor 
is given by 
1 
= O-m. 
. Nre(te + Mu) 

To evaluate this expression, N,(= Nz = N,,) must be determined. 
This is a function of temperature and may be evaluated as in the 
following subsection. 


2.4.1. Number of electrons in the conduction band 


AS previously stated, at any finite temperature some electrons 
will acquire sufficient thermal energy to raise them from the valence 
band to the conduction band. The actual number depends on the 
number of permissible electron energy levels and the probability 
of these levels being occupied. 

Assume Ne is the number of electron energy levels per unit 
energy range (in the conduction band) and f(e) is the probability 
of these levels being occupied. Then if E, and E, are the lower 
and upper limits of the conduction band, the number of electrons 
Ny in the conduction band is given by 


Ey 
Ne = Necf(e) dE. 


Eo 


In practice the distribution of the energy levels in the conduc- 
tion band is such that the majority of them are close to E,, and the 
top limit may then be taken as infinity, 


i.e. Ne= | Nefte) dE. 


Eo 


The evaluation of N,; hence requires a knowledge of the density 
of electron states N, and the probability f(e). 
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(a) Density of electron states 


To calculate the number of states, recourse has to be made 
to the quantum theory. This is based on momentum rather than 
energy considerations, and the fundamental hypothesis is that the 
smallest unit of momentum in one dimension is A, where h is 
Planck’s constant. Hence in three dimensions the number of states 
that may be distinguished is 1/h® per unit volume. 

At low temperatures the valence band would be completely full 
and the conduction band completely empty. At room temperature 
some electrons acquire sufficient energy to cross the energy gap 
and reach the conduction band. Then if E¢ is the lower limit of the 
conduction band, the total energy E may be written 


E = Ec+kinetic energy 
= Ect mv, 
where m, is the effective mass of an electron and v is its velocity; 


: M2 
1.€. E= Bet 


where M = m,v is the momentum; 
i.e. M = \/[2m(E-Ec)]. 


It has already been implied that the direction of the momentum 
is irrelevant, and hence for a given value of E the locus of M may 
be represented by a sphere of radius M = »/[2m,{E—E,)] as in 
Fig. 2.4. 


If E increases by dE, the momentum will increase by dM, where 


dM = +/(2m.) x5 (E—Ec)-12 dE 


fs |) [zenza| dE. 
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Fic. 2.4. Momentum shells. 


The difference in volume between the two spheres is then 
42M? dM, so that for the conduction band the number of energy 
states in the momentum range dM (or energy range dE) is given by: 


4nM?2 dM 


number of energy states = B 


x7 a X 2m E— Ec) V [oa Foes "| ¢ 


= VQ) (mee VEE) dl. 


Since two electrons can occupy each energy level (i.e. opposite 
spin), the number of electron states dNc in the energy range dE 
is given by 


dNe = es V(E-Ec) dE, 


i.e. number of electron energy levels per unit energy range is 


dNe _ 8x +/(2)(m>? 
hs i 


Ne SE 


V(E-Ec). 


The variation of energy states is then as shown in Fig. 2.5. 
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Noe 


Fic. 2.5. Electron energy states. 


(b) Probability of electron occupation 


At low temperatures all energy levels are filled up to a certain 
value E,. At any finite temperature some electrons will have higher 
energies and some of the lower energy levels will be empty. The 
probability of a certain energy level being filled follows the Fermi— 
Dirac distribution law, 


; 1 
i.e. FO = Fy pete 


From this equation it follows that at a certain value of E = E, 
(the Fermi level), the probability is always + regardless of tempera- 
ture, while at low energies f(e) is unity, i.e. filled levels and at 
high energies f(e) is zero, i.e. empty levels. Except at the Fermi 
level itself, temperature also has an effect, and the variation in 
probability is as shown in Fig. 2.6. 


Fic. 2.6. Fermi-Dirac distribution. 
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For the conduction band, E~E, is considerably greater than 
KT, i.e. eX#-#”)/‘Tl is much greater than unity and to a close ap- 
proximation 

fe) = eE-EnikT}, 


The number of electrons in the conduction band may now be 
estimated, 


i.e. 


ee 3/2 
Ne = i} Savini /(E— Ec) e~E-En kT) dE 
Eg 


© \/(E~ Eg) e-WE-EoMRTI dE. 
Eg 


e SevC) (ne ent ennin [ 


To solve this integral the substitution, x = »/[(E—£,)/kT] may 
be used. Then the limits become 0 and ~, and dE = 2kTx dx, 


ie. Neg = Lom{ KTP? V2) (me) e9-EpieT [ * Beat dy. 
0 


} 
Integrating by parts gives ( x2e—* dx = sd 
0 
Hence Ng = 2 (QnimekT P? ¢-\Bo-ExvkT] 


= Ag—lEo—EpikT] | 


where A= 4 (22m_-kT 2 . 


2.4.2. Number of holes in the valence band 


This derivation follows the same pattern as before. If Ey, is the 
energy at the top of the valence band, the total energy £ at a level 
within the valence band is given by 

Me 


BEY omy? 
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where M is the momentum and m, is the effective mass of a hole, 
i.e. M = /(2m,(Ey—E)]. 


Hence the number of hole energy levels per unit energy range is 
given by 


Ny _ 8a vo (m,)? VW Ey E). 


The probability of an electron energy level being empty, i.e. the 
probability of a hole, is given by 


i) =1 1 gl(E—E pylkT? 
fi) = 14 AG-EpikT] ~ [4 @-Epikety 


But for the valence band, (EZ, —£)/kT is much greater than 1, i.e. 
elE-EpVkTI is small. Hence the probability of a hole is given by 


f(h) = eWEr~BKT1 


The number of holes in the valence band is then 


Naz = {" SVC rr” (Ey —B) e7(Er-EVAT] GF 


Ex 


where E, corresponds to the bottom of the valence band. In prac- 
tice this may be taken as zero. 

The integration is then very similar to that carried out in determin- 
ing the number of electrons in the conduction band and yields 
the result 


2 
Ny = Gy QnumkT et r-Erven 
= Be-WEr-EyyikT) | 


where B= 2 (Qam,kT P? . 
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2.4.3. Fermi level for an intrinsic semiconductor 


Obviously, for an intrinsic semiconductor the number of elec- 
trons in the conduction band must be equal to the number of holes 
in the valence band, 


ie. J Onm kT)” e~lEo-Ep KT] = a (Qnmy,kT 92 ¢~ WER Ep yk 


To a first approximation, m, = m,, and then 
Ec—Er =Er—Ey or Ep = 4+(Ect+Ey). 


This result shows that the Fermi level lies midway between the 
valence and conduction bands. The result may now be shown 
graphically as in Fig. 2.7. 
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Fic. 2.7. Electrons and holes in an intrinsic semiconductor, 
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If the value of E, is now substituted, the number of electrons 
(or holes) becomes 


Ng = a (Qn. kT P!2 g{lEo—1/2(Eo+ Ey WAT} 


= is (2am.kT 3/2 e—WEo— Ey 2k] 
= Ag—lEo—Eyy2kt) | 


where A= = (QQam,.kTP? 


This equation leads to the following results: 


(1) The smaller the energy gap the larger the number of “free” 
holes and electrons, i.e. intrinsic germanium has a larger 
number of carriers than intrinsic silicon at a given tempera- 
ture. 

(2) The higher the temperature the larger the number of holes 
and electrons. 


Also = NgNy = N? = a (2nkT) (mem, !2 e—WEo-EvvVkTY 


2.4.4. Diffusion currents in an intrinsic semiconductor 


In section 2.4.1 the current that was considered was the drift 
of carriers due to an applied field. In general this is only one of two 
components of the current flowing in a semiconductor, the other 
is that due to diffusion. The latter occurs without the application 
of an applied field and is the natural tendency of concentrations 
of carriers to spread out uniformly through a sample of semiconduc- 
tor material. 

If light is focused on one spot in a semiconductor, hole-electron 
pairs will be produced, and these will tend to spread out uniformly 
throughout the material. The corresponding movement of charge 


78 ELECTRONIC DEVICES AND CIRCUITS 


constitutes a current, and the magnitude of this current is propor- 
tional to the concentration gradient, i.e. considering electrons 
flowing in one direction, 


I, = constant Xelectron charge X area Xconcentration gradient 


dN. 
= constant x eA “= ; 
dx 
where A is the area, e is the charge on an electron, and dN,/dx is 
the electron concentration gradient. 
The constant is known as the diffusion coefficient, denoted by D,, 


i.e. Iz = Dre dNe . 
dx 
Similarly for holes, 
Ty = DyeA dN . 
dx 


In practice, since electrons and holes carry opposite charges, 
the sign of one of these expressions should be negative. Taking 
conventional current as the positive direction, the minus sign would 
appear in the expression for the hole flow. 

The results obtained previously allow expressions for the total 
current flowing in a sample of intrinsic semiconductor material 
to be stated when both drift and diffusion currents are included. 
If the sample of intrinsic material shown in Fig. 2.8 is considered, 
the components of drift and diffusion current will be as indicated. 
The total electron current is given by 


Ip = NgevgAE+ DgeA ane ; 


and the total hole current is represented by 


aNy 


Ty = Nuefinu AE— DyeA =: 
dx 
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Hole drift current 
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Electron drift current 


—| f+ 
Electron diffusion current 


Hole diffusion current 
Fic. 2.8. Drift and diffusion currents. 


Since the number of holes and electrons are the same, Nz = Ny = 
N,. Hence the total current J is given by 
dx PH 


I = Nre(ue+mx)AE+ (Ds Ge aNs aN Ee) 


In fact, wg, fy, Dg and Dy are directly related by the Einstein 
relation, 
Dy De kT 


ie. = = ; 
LH HE e 


Some connection between mobility and diffusion constant is to be 
expected since they are both controlled by collisions. 


2.5. Extrinsic Semiconductors 


The introduction of pentavalent or trivalent impurities in intrin- 
sic germanium or silicon in very small amounts, normally about 
1 part in 108, has a large effect on the conductivity. 

The energy level diagram for extrinsic semiconductor with added 
impurities are shown in Figs. 2.9 and 2.10. Figure 2.9 shows the 
energy band diagram for a n-type semiconductor with an added 
pentavalent impurity such as phosphorus, arsenic, or antimony. 
Figure 2.10 shows the corresponding diagram for a p-type semi- 
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conductor with an added trivalent impurity such as boron, alu- 
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Fic. 2.9. Energy levels for an n-type semiconductor. 
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Fic. 2.10. Energy levels for a p-type semiconductor. 


minium, gallium, or indium. 


If an isolated piece of extrinsic semiconductor material, where 
either the electrons or holes predominate, is considered, there 
is in general some random movement of charge carriers. This gives 
rise to drift and diffusion currents, but since there is no net move- 
ment of carriers both the total electron current and the total hole 


current must be zero; 


i.e. 


and 


Ig = Neuse AE+ DgeA as -=0 
Ty = NupneAE— peat = = 0. 


dx 


BASIC PHYSICAL THEORY 81 


From these equations, 


NepeE = ~—Dr aN and NupnE = Dy WH . 


dx 
Dividing and rearranging, _aNelax Ds = aNuldx Da . 
Ne LE Nu LH 


But from the Einstein relation, 


Dg Dr 

Be bn 
Hence _ aN = aNw . 

Ne Ny 
Integrating, —log, Ng = log, Na+ K 
or NeNu = Ki, 


where Kj, is a constant. 


No limitations have been placed on the values of N, and Nj, 
and the expression is valid for intrinsic material. Hence the con- 
stant K, must be equal to N?. This shows that for any extrinsic 
material the number of electrons N, and holes Ny is given by 


NeNu = N?, 


where N, is the number of holes or electrons before doping. 

This equation is an algebraic statement of the law of mass 
action. Physically, the introduction of an n-type impurity into an 
intrinsic material fills some of the holes produced by thermal 
action, while the addition of a p-type impurity into an intrinsic 
material absorbs some of the thermally produced electrons. 

The law of mass action enables the resistivity of extrinsic semi- 
conductors to be estimated. As in the case of intrinsic material, 
diffusion currents are not considered when the resistivity is evalu- 
ated since there is a negligible variation of charge concentration 
along the sample. 
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Consider the case of a sample of intrinsic germanium with 
2X 10" charge carriers per m' at a given temperature. If 10° atoms 
per m® of indium, a trivalent impurity, are added, 


NeNu = N? 
= 4x 1088. 


But since 10” atoms of impurity N, have been added, the differ- 
ence between the number of holes and electrons is 10° per m°; 


i.e. Nu—Ne = 10°, 


Solving these expressions, 


4x 1038 
—- = 120 
H Nu 
or N2— 10 Ny—4X 108 = 0. 


Solving and taking the positive root, 


Ne = 1-04 10”. 
Hence, Ny = 0:04 102°. 


The current flowing through the sample is then given by 


I 


current due to electrons+current due to holes 
NretsAE+ NyeunAE 
= e(Nebe+Nata)AL, 


where A is the area of the sample, E is the applied field, e is the 

charge on an electron, N, and N,, are the number of “free” 

electrons and holes, and uy, and fy, are the mobilities of electrons 

and holes, i.e. 0:36 m?2/V sec and 0:17 m2/V sec respectively. 
Substituting values 


I = 1-6X 1079 (0-04 x 10? 0-36 + 1:04 x 10° X0-17)AE 


taking unit dimensions A = 1,E=V. 
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Therefore resistivity 


V 1 
I ~ 1:6 107? (0-04 x 102 x 0-36-+ 1-04 x 102° 0-17) 


= 0:327 Q-m. 


The addition of a further 2 10” atoms/m* of antimony (N,), 
a pentavalent impurity, will swamp the effects of the trivalent 
impurity. 


Then NeNy = N7 = 4X10", 
Ne—Ny = No—Na = 2X 10%— 10% 
= 10”, 
Solving as before gives 


Neg = 104X108 and Ny = 0-04 10”, 
and hence resistivity 9 = 0-164 Q-m. 


2.5.1. Fermi level for an n-type semiconductor 


When an intrinsic semiconductor is doped with a pentavalent 
or donor impurity, one of the electrons of each impurity atom lies 
outside the crystal structure. It may be classed as a “free” electron, 
but due to the higher positive charge on the impurity atom there 
is a slight tendency for the electron to remain in the neighbourhood 
of that atom. Its energy level EZ, is slightly below that of the 
conduction band, being about 0-01 eV as indicated in Fig. 2.9. 
The density of electron states must be the same as for an intrinsic 
material, but since, at any finite temperature, electrons can easily 
be raised from the donor level into the conduction band, the number 
of electrons available for conduction is normally much greater than 
the number of holes. The equation for the probability function is 
the same, but in order to satisfy the conditions stated, the value 
of the Fermi level E,,, must rise. This is shown diagrammatically 
in Fig. 2.11. 
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Fic. 2.11. Electrons and holes in an n-type semiconductor. 


Then using the relation 
Ne—Nu = Np, 


where N,, Ny, and Np are the numbers of electrons, holes, and 
donor atoms respectively, 


Ac ((Eo-Ery)/AT\_ pe-[(Ery—Er) PAT] _. Ny 


> 


where A= a (2amekT 3/2 = Nyel(Bo—Evy2kT) | 


B= ja OnimykT = Nyel@o-Ev)l2k7] . 


Nyel@Etw~Fo- Ev) Per] _ Nye7 (CEP Fo-Evy/2kT] ENG 


Therefore 
2Ery—Ec—Ey _ 
or 2N, sinh ars) = Np, 


F 1 ; N, 
ie. Er, = a (Ect+Ey)+kT sinh aN, : 
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This expression shows that the Fermi level is above that of an 

ee ee . : N ‘ 

intrinsic semiconductor by an amount kT sinh~1 (52). At high 
I 


temperatures, where N, is much greater than Np, the Fermi level 
reverts to its intrinsic value of }(E¢+Ey). 

The above derivation does, in fact, assume that all the impurity 
atoms are ionized. To allow for unionized donors, the probability 
for the donors to be ionized should be included. This involves 
estimating the probability of finding a hole at any energy level 
E>, and means that Np should be replaced by 


Np 
1+ 2e~[(Eo-Ery)/kT) * 


2.5.2. Fermi level for a p-type semiconductor 


The introduction of a trivalent or acceptor impurity gives rise to 
empty energy levels E, just above the valence band as indicated 
in Fig. 2.10. The density of states must be the same as for an intrin- 
sic material but since, at any finite temperature, electrons can easily 
be raised from the valence band to the acceptor level, the number 
of holes available for conduction is normally much greater than 
the number of electrons. The equation for the probability function 
is the same, but in order to satisfy the conditions stated the value 
of the Fermi level (£,,) must fall. This is shown diagrammatically 
in Fig. 2.12. 

Then using the relation 


Nu—Ne = Na, 


where Nz, Ng, and N, are the numbers of holes, electrons, and 
acceptor atoms respectively, 


Be FE rp—Ev)/kT]_ ge (Ee~Evp)/kT] = Ny, 
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Fic. 2.12. Electrons and holes in a p-type semiconductor. 
2 Ey)/2kT" 
where B= Bp (2nm,kT 32 = Nyel(Eo~ Evy2k7) | 


A= 2 (Qum,kT)32 = Nyel(Eo-Evy2k7} 


N,cl(EotEv—2Ex p)/PT] _ nye [Eot Ev—2E rp) 2kT} = Na 


1.€. 
: Ect £y—2E, 
or 2N; sinh or) = N,, 
: 1 Pee aes 
i.e. Er, = y (Ect Ey)— kT sinh~1 Exal 


This expression shows that the Fermi level is below that of an 


bes adh ’ . N. d 
intrinsic semiconductor by an amount kT sinh71 ( 5) ns ) At high 
1 


temperature, where N; is much greater than N,, the Fermi level 
reverts to its intrinsic value of 3(Eo+Ey). 

As in the case of n-type material, this derivation assumes that all 
the holes in the acceptor level are filled and a more accurate result 
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could be obtained in the probability of finding an electron at an 
energy level E, is estimated. 


2.5.3. Hall effect in extrinsic semiconductors 


The Hall effect is more noticeable with extrinsic semiconductors 
than conductors, but in this case the Hall coefficient Ry is usually 


3 1 ; 
taken as —— X—— mC for an n-type semiconductor, and 
8  “Nzge 
3m 1 ; ‘ 
ory 4 Nee m3/C for a p-type semiconductor. In these expressions, 
H 


N, and N,, are the number of “free” electrons and “free” holes 
: 3a. ; Bae ats 
respectively. The factor 3 is due to a different distribution of 


velocities of the carriers in a semiconductor and must be modified 
for large values of field strength. 

The values of Hall e.m.f. for semiconductors may be relatively 
high since the number of “free” electrons or holes is relatively low, 
say 102! per m? compared with 10° per m’ for a conductor. 


Questions on Chapter 2 


Q.1. Calculate the radii and potential energy levels of the first two possible 
orbits for an ionized helium atom. 


Q.2. The number of free electrons in copper is 1-1 109 per m° and its 
resistivity is 10-§ Q-m. Determine the mobility of the electrons and the Hall 
coefficient for copper. Hence determine the current density which gives a Hall 
voltage of 1 »V in a field of 1 tesla. 


Q.3. Explain what is meant by the term mobility and how it is related to 
the total current flowing in a piece of intrinsic semiconductor material. 

The resistivity of pure germanium at a particular temperature is 0:52 Q-m. 
If it is doped with 10° atoms/m of a trivalent impurity, estimate the new value 
of resistivity. Assume the mobility of holes and electrons are 0:2 and 0-4 m?/V s 
respectively, and the charge on an electron is 1-6 10-* C. 


Q.4. Explain what is meant by the terms Fermi level, density of states, and 
Fermi—Dirac distribution law. Illustrate your answer by sketches showing how 
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the electron and hole densities vary in intrinsic, p-type, and n-type semicon- 
ductors. 


Q.5. Show that in the case of a conductor the Hall coefficient is given by 


How is this expression modified in the case of a semiconductor? A sample of 
n-type germanium is 1 cm square and 0°5 cm thick. When a current of 5 mA 
flows from a 1-35 V supply through a narrow face and there is a transverse 
field of 0-045 tesla, the Hall voltage developed is 20 mV. Determine the Hall 
coefficient and electron mobility for germanium. 


CHAPTER 3 


Physics of Semiconductor Devices 


IN THIS chapter the physical concepts introduced in the previous 
chapter will be extended to cover complete devices. The px junction 
is the basis of all the devices and will initially be considered in 
detail. Later, the results obtained will be applied to multi-junction 
devices. 


3.1. The pn Junction 


The rectifying action of a px junction depends on diffusion cur- 
rents which flow without the application of an external field. In the 
formation of a junction, diffusion of electrons from the n type and 
holes from the p type give rise to a central depletion region pro- 
duced by the recombination of holes and electrons. The diffusion 
of carriers continues until the charge transfer is sufficient to build 
up an energy barrier high enough to stop further migration of 
carriers. Any minority carriers (electrons in the p type and holes 
in the m type) produced thermally are swept across the junction 
as a drift current but are immediately balanced by a diffusion cur- 
rent due to the flow of majority carriers. 

In terms of the energy levels diagram, electrons flow into the 
p-type region until the raising of its energy level diagram, coupled 
with a fall in that of the n-type region, produces a common Fermi 
level as shown in Fig. 3.1. 

The energy barrier must be equal to the difference of the Fermi 
levels of the p and x regions if they were considered in isolation. 
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Fic. 3.1. pa junction with zero bias. 


If V, is voltage developed across the junction, 


energy barrier = eVz 
= Ery—Ery 


1 ; Nb 
oa4 [ita =, 
= 5 (Ect Ey)+4T sinh 5Ni | 
1 : Na 
eh J = Sh 
E (Ect Ey)—kT sinh 5 | 


= 1 No 1 
kr (sinh aN; +sinh— on) 


Under normal conditions, Np and N, are much greater than N, and 
to a close approximation 


we Np Nb Np 
ppc | Pas San 
sinh = log, {aN y (a ) i} logs N, 


.._, Na Na 
ds: ake = 
and sinh aN; log, N, 
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No Na 
Theref Vp, = kT (log, — +log, —4. 
erefore eVg (Io WN; 8 x) 
= kT log, NoNa (3.1.1) 
Ni 


This expression gives the height of the energy barrier with no 
applied bias. 

Under these equilibrium conditions, the number of electrons 
with energies greater than Egp (the bottom of the conduction 
band of the p-type region) are equal for both p- and n-type regions. 
In a similar manner, the number of holes with energies less than 
Evy (the top of the valence band of the -type region) is the same 
for both p and x regions. Such conditions are illustrated in Fig. 3.1. 

The number of thermally generated electron carriers in the p-type 

2 

region is given by al [= Npe~?’2/*" from eqn. (3.1.1)] and must 
A 

be equal to the number of electrons that contribute to a diffu- 


sion current from the n- to the p-type regions. In practice, once 
these carriers enter the p region their numbers fall exponentially 
as shown in Fig. 3.2. This is due to recombination, but the initial 
rate of fall is N?/(N,Ly), where Ly is the electron diffusion length, 
defined as the average distance an electron travels before recombi- 
nation. 
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Fic. 3.2. Diffusion length for minority carriers. 
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Hence under equilibrium conditions, 
electron drift current from p ton 


= electron diffusion current from n to p 
_ Dre AN? 
Naly ~ 
The movement of holes under equilibrium conditions may be 
considered in the same fashion; 
hole drift current from 7 to p 
= hole diffusion current from p to n 
_ DyeAN? 
NoLp ” 


where L, is the hole diffusion length. 


3.1.1. Current flow with reverse bias 


When the p side of the junction is made negative with respect 
to the n side, the energy barrier is increased by an amount eV, 
joules, where V is the applied voltage. The energy band diagram 
is shown in Fig. 3.3, the width of the depletion layer itself increasing 
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Fic. 3.3. pn junction with reverse bias. 
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slightly. In this case the number of carriers that can contribute to a 
diffusion current across the junction is the very small number of 
electrons in the 7 region with energies greater than Epp and the 
very small number of holes in the p region with energies less than 
Eyy. There is, however, a drift current still flowing across the 
junction due to electrons produced thermally in the p region and 
holes produced thermally in the 7 region. 

The magnitude of this current has already been evaluated for 
equilibrium conditions and is known as the reverse saturation 
current /,. It is independent of the magnitude of the reverse voltage 
and given by 
_ DgeAN? | Dye AN? 


Ts ~NaLy NpLp 

D D 

_ af Pe , YH 
= ANI WT NoLs) 


The reverse current is reduced slightly for very low values of 
reverse voltage when a small diffusion current flows. 


3.1.2. Current flow with forward bias 


When the p side of the junction is made positive with respect to 
the side, the energy barrier is lowered by an amount eV, joules, 
where e is the charge on an electron and V the voltage applied. 
The energy level diagram for this condition is shown in Fig. 3.4, 
the width of the depletion region itself being reduced. 

In this case the number of electrons that can contribute to a diffu- 
sion current is proportional to the number of electron carriers in 
the n-type regions with energy greater than E¢p. This number is 
relatively large, as is the number of holes with energy less than 
Eyy that can contribute to a hole diffusion current. Hence the 
total diffusion current for a forward-biased junction is relatively 
large, while the reverse drift current remains at the same value as 
that for an unbiased junction. 
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Fic. 3.4. pn junction with forward bias. 


It has already been shown that for equilibrium conditions the 
number of electrons contributing to the diffusion current at the 
boundary between the depletion region and the p type is 
N? . . sae . 
<= Nye leV@kT] With a forward bias, non-equilibrium condi- 
tions result giving rise to an increased number of electrons con- 
tributing to a diffusion current. At the boundary between the 
depletion region and the p type the number of such electrons is 

2 


N; Lo, . 
NpetleVa-Vevkr} — 1 geVlkT The initial rate of fall is then 


2 A 
——!__ geVPIKT and gives rise to an electron diffusion current of 
Naly 
2 
DEAN? ev pyikt 
Naln 


In a similar manner the hole diffusion current at the bound- 
ary between the depletion region and the a» type is given by 
Dye AN} 

NoLp 

Since the amount of recombination in the depletion region is 
negligible, the total diffusion current is then 


gleV ek 


eAN} (wat, a Nols) eV WIRE 
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: : D D 
Subtracting the reverse drift current eAN3( W Z + nes) 
ALN pLp 


enables the forward current J, to be stated, 
De, Du 
Nalyn NpLp 


= Is(e@ Ve kT — 1), 


i.e. Trp = eANi| ) (e€e¥ pik? _ 1) 


where J, is the reverse saturation current. 
If the suffix is dropped, 


I = I(eeV FT —1), 


This expression then represents the complete characteristic shown 
in Fig. 3.5, since for negative values of V, «*”/*? is negligible and 
IT=-—Tsy. 
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Fic. 3.5. Characteristic of a pn junction. 


3.2. The Transistor 


The simplest representation of a transistor is two diodes back 
to back, the first, which is forward biased, providing minority 
carriers for the second reverse-biased diode. It is a logical step 
to derive relations representing the operation of the transistor 
based on the diode equation J = I,(e@”/*"—1), Such equations 
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were first derived by J. J. Ebers and J. L. Moll in the now historic 
paper published in the Proceedings of the IRE (December 1954). 

Since both diodes provide minority carriers and each affects 
the current flowing through the other, the emitter and collector 
currents for a pup transistor may be written in the forin 


Tg = Ty(e(eV 2akT— 1) 4. Jo(e(eV om /KT _ 1) (3.2.1) 
and To = Iq eV 2a VkT — 1) 4. Iq(e(eVon/kT _ 1), (3.2.2) 


For a npn device the voltage subscripts must be altered. In 
these expressions, J, Io, 3, and I, correspond to the reverse satura- 
tion current of a diode but are not those of the diodes considered 
separately. The common-base connection is assumed and Vp, and 
Vcr are the emitter—base and collector—base voltages respectively. 

The main assumptions made in these relations are that the only 
voltage drops within the device are at the junctions themselves, 
ie. the resistivity of the semiconductor material is low and the 
injected current densities are small. 

The currents J,, J,, 1;, and J, may be evaluated in terms of the 
normal and inverted (i.e. with the roles of emitter and collector 
reversed) current gains and the corresponding leakage currents. 
These are: 


rp the d.c. or large-signal forward current gain with the 
emitter and collector biased normally. 

hrpr The d.c. or large-signal current gain with the roles of 
emitter and collector reversed. 

Teo the collector (leakage) current flowing when the emitter 
is open circuited and the collector junction is reverse 
biased. 

Tro the emitter (leakage) current flowing when the collector 


is open circuited and the emitter junction is reverse biased. 


If the collector junction is considered under normal bias condi- 
tions with Vc, relatively large and negative, the term e€Ve#)/'T jg 
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much less than unity, 


i.e. Tg = [y(eV sa/kT_ 1)— Jp, (3.2.3) 
Ie = IqeVaw kT —1)—Iy, (3.2.4) 
Therefore let Te = toes 
I Iz 
or Ic = 4a et dels _ 7, ‘ 
vei i 


This expression may be compared with that expected for the for- 
ward characteristic shown in Fig. 3.6, 


i.e. Ic = hrgle+Ico, 


where hz, and Icg are negative. 
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Fic. 3.6. Forward transfer characteristic of a pnp transistor. 


Comparing coefficients, 


_ ds _ _[lels 
hrp = Ty and Ico = Win i) . 


When the roles of emitter and collector are reversed, i.e. emitter 
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reverse biased such that «@”25/*T is much less than unity, 


i= T,(e@VonvkT 1)- h, 
Ic = Ta(eleVonvkT 1)—IJs, 
bet _t, TnI 
giving Iz = lh xTe+( Th i). 
Hence comparing coefficients with the expression Iz = hrgilc+TIzo 
(Fig. 3.7), 


_h _ 7 (als 
hrgr = Te and Tzo = h(n ) 


I, 


Stope heey 


Fic. 3.7. Inverse transfer characteristic of a pnp transistor. 
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The currents Jz and 7/3 in fact represent a “coupling” term be- 
tween the emitter and collector junctions. It is reasonable to assume 
these are equal. Therefore 


hrailco = hrslzo. (3.2.5) 


The complete expressions may now be stated. 


Tzo 
Tp = — (eV kT _ 
aaa ( EN Pe ) 


= Reo (eevenir 1) (3.2.6) 


hrslzo 
To = BES __ (geV enh _ | 
aaa | er 


~The Crm. G27 


Useful variations of these expressions may be obtained by eliminat- 
ing one of the brackets containing an exponential term, 


. Tzo 
ie. Ip—hpgile = — (ee FT —~ 1) (1 —hpgh 
E—"rpitc (l—Ayslissi) (e )( Fehrs) 
= Teo(eta 1) (3.2.8) 
and Ic¢—hpgle = — Ico(ee’es"*T— 1), (3.2.9) 


A d.c. equivalent circuit for the transistor under normal operat- 
ing conditions, i.e. «’¢2”*T negligible compared with unity, may 
now be derived from the relation Ig = hpglg+ Icg and eqn. (3.2.3): 


Iz = T,(e(eV av kT _ 1)—I, 


Izo hrailco 
=e (€VasVkT _ | 
(1 —heshrer) re i (1 —Arghrzi) 


“Sq ae pera Ds heleo _ 
—~ ELE BUF BI 


(1—-Arghres) ” 


100 ELECTRONIC DEVICES AND CIRCUITS 


since hpailco = hesleo from eqn. (3.2.5) 


Tzo (1+hrp\Vleo 
(eVgaWkT 1 0 PO” (3.2.10 
(1—Arphrer) ° + (1 —hrghrs:) ( ) 


or Te = 


The d.c. equivalent circuit is then as shown in Fig. 3.8. 


(1+Me9) Teo 


(hes Mper) 


Fic. 3.8. The d.c. equivalent circuit for a transistor. 


The currents shown in Fig. 3.8 are in terms of Agp, App; Igo, and 
Ico which, for a common-base pnp stage, are all negative, and if the 
moduli of these quantities are considered, the resulting equivalent 
circuit is as shown in Fig. 3.9. 


L_C {+ 


eVep 

kT 
Heol € , 
(heal [beer 


(1-|hegl) [Teo h 
(1-iheal [heal ) | ral le 


B 


Fic. 3.9. The d.c. equivalent circuit for a transistor showing true direction 
of current. 
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These Ebers—Moll relations given by eqns. (3.2.6) and (3.2.7) 
are useful in predicting the d.c. characteristics of transistors. As 
shown, they are for the common-base connection, but may easily 
be converted for use with the common emitter connection by means 
of the additional relations 


TetIc+Ip =O and Vegt+VectVce = 0. 


As an example of the use of the Ebers—Moll relations, consider 
what happens when both junctions are reverse biased, i.e. e”03*T 
and e(#s)*T negligible. 

From eqn. (3.2.10), 


_ (+hrs)zo 


Iz = : 
F (i=heshes) 


In practice, hp, is close to unity, and negative and hy,, is con- 
siderably less but also negative. Ing is also small. Therefore 


Ir =O and Ic =—Ico. 

A further example of the use of these equations is to determine 
the collector voltage to reduce the collector current to zero, i.e. from 
eqn. (3.2.9), putting J, = 0, 

hrple = Ico(eVo2*T — 1) 


or Voz = ne log. (: +e). 

e Ico 
Other examples of the use of the Ebers—Moll relations will no doubt 
occur to the reader. 
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Questions on Chapter 3 


Q.1. Show from first principles that the potential barrier for a px junction 
with zero bias is given by 


_ kT NyNg 
ea “lone ( NF ); 


where N, and N, are the impurity densities in the ” and p sides of the junction 
and N, the intrinsic carrier density. 

Q.2. Derive the expression J = I,(e¢"*?) — 1) relating the voltage and current 
for a pn junction. 

Q.3. Assuming the diode equation and the relation between forward and 
reverse leakage currents and current gains, derive the Ebers—Moll relations 
for a transistor connected in the common-base configuration. Hence sketch 
the output characteristics. 


Q.4. Repeat Q.3 for the common-emitter configuration. 


CHAPTER 4 


The Field Effect Transistor 


ALTHOUGH the idea of a field effect transistor (FET) was first pro- 
posed in 1928, it was not until the late 1950’s that manufacturing 
technology advanced sufficiently for these devices to become a 
practical proposition. Since they have not been covered in previous 
volumes in this series, a complete chapter is devoted to this topic, 
and a qualitative explanation of the operation is followed by a more 
theoretical approach. Typical circuits are discussed in Chapter 9. 


4.1. Types of Field Effect Transistor 


Field effect transistors are voltage-operated high-impedance de- 
vices that rely for their operation on the flow of majority carriers. 
In both junctions and metal oxide semiconductor (MOST) field 
effect transistors these majority carriers flow as a drift current along 
a channel, the conductivity of which is controlled by an externally 
applied voltage. 

Junction field effect transistors were introduced in the late 1950’s, 
and in this type the conducting channel, which may be either ” or 
p type, lies between two reverse-biased pn junctions connected in 
parallel. The depletion regions associated with these junctions spread 
into the conducting channel and control its width as indicated in 
Figs. 4.1 and 4.2. Figure 4.1 shows the polarities and terminology 
used for an w-channel device, while Fig. 4.2 indicates the connection 
for a p-channel FET. 
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Direction 
of electron = 
flow 


Fic. 4.1. An #-channel junction FET. 


Fic. 4.2. A p-channel junction FET. 


The charge carriers flow from the source to the drain, these 
electrodes being analogous to the cathode and anode of a vacuum 
triode while the conductivity of the channel is controlled by the 
voltage applied to the gate. This gate electrode, comparable to the 
grid of a vacuum triode, controls the width of the depletion region 
and hence the conductivity of the channel. 

Metal oxide semiconductor transistors were first developed about 
1962 and rely for their operation on the formation of a conducting 
layer along the interface between a semiconductor and an oxide 
layer produced beneath a control electrode. The construction of 
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an v-channel MOST is illustrated by Fig. 4.3. The formation of the 
conducting path involves the inversion of the type of semiconduc- 
tor and may be produced either by the field itself when the device 
Gate ; 

Source ia Bran 


| Metal. | 


[| COC xide Saoee 
oe 
Vv Depletion 


p-type substrate 
(usually connected to source) 


Fic. 4.3. An n-channel MOST. 


is said to be operating under enhancement mode conditions or by 
light minority carrier doping in the depletion mode of operation. 


4.2. The Junction Field Effect Transistor 


As stated previously, the operation of this type depends on the 
width of a conducting channel being modified by the application 
of a voltage to two px junctions on opposite sides of a semiconduc- 
tor. 

A typical test circuit for an n-channel device, showing the rele- 
vant variables, i.e. gate-source voltage V,,, drain-source voltage 
V ps, and drain current Ip, is shown in Fig. 4.4. 

As the reverse voltage on the gate is increased, the width of the 
depletion layers will increase and that of the channel will decrease. 
In the limit when the gate-source voltage V,, is sufficiently negative 
to reduce the width of the channel to zero by itself, no majority 
carriers will flow and the current is said to be “pinched off”. The 
gate-source voltage V,, under this condition is known as the 
pinch-off voltage Vp. To be more accurate, the pinch-off voltage 


106 ELECTRONIC DEVICES AND CIRCUITS 


Fic. 4.4. Test circuit for junction FET. 


is Vggt+, where @ is the barrier potential barrier associated with 
an unbiased diode. 

For any value of Vgg less negative than Vp, the voltage across 
the junctions will be negative and equal in magnitude to VggtIpR, 
where J,R is the voltage drop due to the channel itself. Since 
IR increases along the length of the channel and the gate elec- 
trodes are of finite length, the largest reverse voltage appears across 
that part of the junction nearest the drain. This means that the 
width of the depletion layer will increase as the drain end is ap- 
proached and explains the variation in channel width shown in 
Fig. 4.4. 

At a given value of Vg, (less than Vp) an increase of drain- 
source voltage Vp, from zero will initially give rise to a drain cur- 
rent I, that is approximately proportional to the voltage Vpg. 
Under these conditions the device behaves as a resistance, and the 
operation is said to be ohmic. Further increase of Vp, will produce 
a state of affairs where Vg,+JR is equal or greater than the pinch- 
off voltage, and the device is said to operate under “pinch-off” or 
saturation conditions. There must be a path for the drain current 
Ty to flow, but the path resistance increases with Vp, such that I, 
remains very nearly constant. At some higher value of Vp, break- 
down will occur between the drain and the gate. 
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Breakdown 
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Ohmic ; Saturation or 
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Ves 
more 
negative 


Limit of ohmic region 
Vos} + IVes! = [Vel 
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Fic. 4.5. Output characteristics of junction-type MOST. 


A complete set of output characteristics is shown in Fig. 4.5. 
They are similar to those of a pentode, the saturation current being 
controlled by the gate-source voltage but dependent on the con- 
struction, i.e. open-channel resistance. Also on the curves is shown 
the limit of ohmic region given by the equation |Vp,|+|Vgs| = | Vp! 
and Ipgs, the saturation current with zero gate-source voltage. 


4.2.1. Construction of the junction FET 


The construction of the junction FET utilizes techniques that 
have been developed for bipolar transistors, e.g. diffusion and 
epitaxial processes. 

Figure 4.6 (a) illustrates the construction of a p-channel diffused 
planar transistor. Starting with an n-type sample, successive diffu- 
sions of p- and n-type impurities give rise to a npn structure with a 
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Channel 


channel 


(b) 
Fia. 4.6. Construction of junction-type FET. 


p-type channel about 15 pm long connecting source and drain 
regions. Alternatively, a coaxial type of construction as shown in 
Fig. 4.6(b) may be produced. The impurity content of the gate 
region is normally considerably greater than that of the channel 


ptype isolating 
diffusion 


Fic. 4.7. Construction of epitaxial junction-type FET. 
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itself. Typically, a gate is 0-5 Q-cm material compared with 4Q-cm 
for the channel. 

Figure 4.7 shows how an n-channel FET may be constructed 
using an epitaxial technique. Initially, an n-type epitaxial layer is 
grown on a p-type substrate. Diffusion of p-type impurity follows 
to produce the gate region and end regions. The latter heavily 
doped regions extend into the p-type substrate and effectively isolate 
the field effect structure. 


4.2.2. Theory of the junction FET 


The operation of this type of FET obviously depends on the 
variation of the depletion layer thickness 6 with gate voltage, and, 
initially, Poisson’s equation will be used to derive an expression 
for this. As stated in the previous section, the impurity content 
of the gate region is considerably greater than that of the channel, 
and the junction is considered to be abrupt. The conditions apper- 
taining to such a junction are shown in Fig. 4.8. Applying Poisson’s 
equation to the n-type region, 


av 1 ; 
PP eae PA aes charge density, 


where V is the voltage across the depletion region that extends into 
the “-type region and «, and «, the free space and relative permitti- 
vities respectively. 

In this depletion layer all the impurity atoms are ionized and 
the excess positive charges per unit volume must be equal to the 
number of impurity atoms per unit volume Np, 

ay eNp 


i.e. =z = 
dx? E0&r 


where e is the charge on an electron. Integrating with respect 


to x, 
dv eNpx 


dx E0Er 
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Fic. 4.8. Depletion layer voltage in a pn junction. 


At x = 6, the width of the depletion layer, dV/dx =0, and hence 
the constant C is given by C = eNp6/e,¢,. Therefore 
dV am eNp (8—x). 


dx €0€r 


Integrating again, 
V= eNp (%-5) +e 
EQEr 2 
With the original assumption that the impurity content of the 
p-type region is much greater than that of the n-type, i.e. virtually 
all the voltage appears across that part of the depletion layer that 
extends into the n-type region, at x = 0, V = 0, and, hence, C; =0. 


Therefore 
y = Nox (8-3). 
€0€r 2 
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The total depletion layer voltage Vpgp is the obtained by putting 
x= 6, 
eNp 6d? 


1.€. Vorep = De : 
Or 


_ 2¢0¢-V DEP 
or 6= /( eNp : 


Consider now the n-channel junction FET shown in Fig. 4.9. 
Electrons will flow from the source to the drain until the voltage 


Fic. 4.9. Analysis of junction-type FET. 


across the pn junction at the gate is such that the width of the 
depletion layer is D/2, where D is the channel width, 


ie. 3 = A ears ame 


where ¢ is the barrier potential, i.e. the voltage across the junction 
when Vg, = 0. This is about 0-3 V for germanium and 0-7 V for 
silicon. Therefore 

eNpD? 


Sege, - 


Vesto = 


112 ELECTRONIC DEVICES AND CIRCUITS 


This is known as the pinch-off voltage Vp. Hence, 


eN, ‘pD? 


Seoe, 


P= 


When the gate voltage is less than the pinch-off voltage V», the 
voltage across the junction at any point Y is given by 


Vor = Vest+o+IpR, 


where I, is the drain current and R is the resistance between the 
source and the point Y. 
For a small distance dy the incremental resistance is given by 


- 2D 
an = (D—26)B’ 


where B is the transverse dimension of the semiconductor and 9 is 
the resistivity. Therefore 


» ody 
R=; —-..~ 
i (D—26)B 
: » ody 
and Vopr = Vosto+lo | (D—25)B 


Differentiating with respect to y, 
dV pep = Ine 


dy  (D—26)B° 


- 2e0&Vpep\ _ D Voep 
ee aac 


since Vp= 


Hence, substituting for 6, 


V. I, 
HY C98) rom = 8 
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Integrating over the length L of the semiconductor, 


Ve Vprp i Ino 
Di1— dv; = —= dy. 
i y( Vp )| ee 0 B ‘ 


V, and V2 correspond to the depletion layer voltages near the 
source and the drain. Near the source the depletion layer voltage 
may be regarded as being due to the gate-source voltage alone, 
while near the drain it may be regarded as being the sum of the 
magnitudes of Vg, and Vps; 


i.e. Vi=Vest+@ and V2 =Vest+Vos+¢, 


where ¢ is the barrier potential associated with an unbiased diode. 


VastVost¢ 
Therefore D(Yoee— ; | ant Vost# tool 
Vast¢ 


or p= 


BL [09 aay ost Yost oP" Vos or. 


When Vg, = 0, saturation occurs when Vp,+¢ is equal to 
the pinch-off voltage Vp. The value of the saturation current pss) 
under this condition is given by 


Ipss = aL |(ve-9) Prin ie wry 


Hence Ipss = E ie - [1-3 V(r.) |t 


To a first approximation, the second term may be ignored, giving 


Ip<< = BDVe 
DSS —| 30L D 
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The drain current may now be written in terms of Ipgg, 


: ts Vos\ _ VoestVost+o \3? (Vest o\3? 
1.€. Ip = toss| (7) | ras i) |} 


Saturation occurs at any other value of Vg, when Vpst+Vo5+¢ = 
Vp. 

Hence the saturation drain current Jp, for any value of Vgg is 
given by 


r= YEA) 54 


= Ioss| 1~3(~95*#) +2(Pect ey"). 


Vp Vp 
Alternatively, the drain current at the the onset of saturation for 


any value of Vp, may be determined by putting Vg, = Vp— @—Vps 
in the expression for Jp, 


3/2 
ce. oh = Ioss{3 (F): -2[1 - (Fa) i 
V V7 3/2 
tee ra) ae | 
= Vos 3 Vos 3 Vos 2 
= Foss{3( 7°) - ae +2[1-5 ee es (7) |} 
= 3 (Vos\? 
- tof (Se) 
(V ps/V p) is equal to unity for Vg, = 0, but gets progressively smaller 
as pinch off is approached. To a first approximation / 


31 pss V ps/V p)*, but to allow for higher order terms the expression 
for the limit of the ohmic region is often given as 


V 2 
Ip = toss(7) . 
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When considering small variations, the mutual conductance is an 
important parameter. This is analogous with vacuum valves and 
is defined as the change in drain saturation current with gate 
voltage when the drain voltage is constant. 

In the expression 


3/2 
Ip bel tes Vest 42 Vest : 
Vp Vp 


Ves is actually a negative quantity. Therefore 


_ Ops 
OVes 


&m = 


3 2:»..3 
= —Ipss le + var xa Vest oy 


_ 3loss [ ;_ 1 (Vest? 
Vp Vp i 
This has a maximum value g,,,when Vg is zero, ie. 8... = 


3Ipss/Vp to a first approximation. 
At any other value of Vs, 


roel C55) 


The fact that g,, varies with the gate voltage gives a non-linear 
transfer characteristic that is very nearly square law. 

Similar expressions may be derived for linear graded junctions, 
but the initial expression for the thickness of the depletion layer 
is modified. This leads to an expression for the drain current given 
by 


Ip =1 5 (Vos\ 3 VestVost+¢ me Vest o\*8 
Bases 2. ve) 2 Vp Vp 
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4.3. The Insulated Gate Field Effect Transistor 
(Enhancement Type) 


This is one of several variations of FET in which an insulating 
layer of silicon dioxide separates the gate or control electrode from 
a surface-conducting channel. The d.c. operation may be illustrated 
with reference to Fig. 4.10. 


Oxide 


Depletion n channel 
region 


Fic. 4.10. Test circuit of a MOST (enhancement mode). 


With zero voltage on the gate, the p region extends between 
the heavily doped source and drain regions effectively isolating 
these regions. The drain current Jp) under this condition is very 
nearly zero for all values of drain~source voltage Vp, as long as 
it is less than the break-down value. 

If the gate is positive with respect to the substrate, the gate 
electrode, oxide layer, and substrate form a capacitor, and a nega- 
tve charge is induced at the semiconductor—oxide interface. This 
“jelectron enhancement” results in a conducting path being pro- 
duced between the source and drain regions and initially, as Vp, is 
increased with Vg, maintained constant, there is a corresponding 
increase in drain current. As the drain-source voltage Vp, is in- 
creased further, the voltage drop between the source and drain must 
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be considered. This gives rise to a variation in potential across the 
“plates” of the capacitor as shown in Fig. 4.11. Since the width 
of the conducting channel is a function of the gate substrate volt- 
age, the channel width decreases as the drain contact is ap- 
proached. A consequent limitation in the drain current is produced, 
and further increase in Vp, only leads to an increase in channel 
resistance such that the drain current is very nearly constant. This 
condition corresponds to “pinch off” in the junction FET. 


2> 
; | 32 
ln | we 29 
>| | 8 
[iN fortes 
| 
[asp ce! 
| | 
| 
Channel | 
width | Vyg—— 
Fic. 4.11. Variation in Fic. 4.12. Output characteristics for an 
channel width for a MOST. enhancement-type MOST. 


A complete set of output characteristics for an n-channel MOST 
is shown in Fig. 4.12, positive increments of Vg, giving non-linear 
increases in drain saturation current. These characteristics assume 
the substrate is connected to the source, and under such conditions 
the drain saturation current [pgs is very nearly zero. Any potential 
applied between substrate and source will result in a bodily shift 
of the characteristics, and indicates a possible application to 
mixing circuits. 
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4.3.1. Construction of an enhancement-type MOST 


The construction of this type is illustrated by Fig. 4.13. Starting 
with a relatively high resistivity p-type substrate, low-resistivity, 
n-type source and drain regions are first produced by diffusion. 
The oxide coating is the next step followed by etch-cutting of 
windows to allow evaporation of aluminium for the source, gate, 


and drain electrodes. 
p-type substrate 


Source Drain 


Oxide 


Fic. 4.13. Construction of an enhancement-type MOST. 


4.3.2. Theory of the enhancement-type MOST 


A theoretical treatment of the insulated gate transistor was first 
published by S. R. Hofstein and F. P. Heinman in the September 
1963 issue of the Proceedings of the IEEE, and readers are recom- 
mended to read this original paper. 
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If an #-channel device is connected as shown in Fig. 4.14, the 
voltage across the oxide layer at any point Y is given by Vg,—Vy, 
where V gy is the gate-source voltage and Vy the voltage at Y due 
to the drain-source voltage Vp,. This induces a negative surface 


— ‘ _ = ae 


Fic. 4.14. Analysis of an enhancement-type MOST. 


charge density g on the oxide-semiconductor interface, 
Le. q = er LE, 


where <9 is the permittivity of free space, «, is the relative permitti- 
vity of the oxide, and F is the field strength. 

If, as is normally true, the channel is much narrower than the 
oxide, 


Ves—V. 
a= ev (285%), 


where d is the thickness of the oxide layer. 

Some of the electrons comprising this charge are free to move 
but some are trapped, mainly in incomplete bonds, at the semi- 
conductor-oxide interface; 


i.e. q = mobile charge+immobile charge. 


The latter may be regarded as being due to a voltage Vp, where 
V, is comparable to the pinch-off voltage in a junction FET. In 
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this context, Vp may be defined as the maximum positive voltage 
that corresponds to zero mobile carriers. Therefore 


£0&(Ves—Vy —Ve) 
d 


mobile charge density = coulombs m?. 
This equation is obviously only valid for Vg, greater than or 
equal to Vy+ Vp. 
The drain current Jp flowing is then given by 


ps e0€(Ves—Vy—Vp) 
i d 


Bog ’ 


where B is the transverse dimension of the device and v, is the 
drift velocity of electrons. 


But VE = MrE 


_ av 
= HE dy’ 


where fg is the mobility, assumed constant. 


ay 


Therefore Ip = a 


(Ves—Vy—V. 
E0Er( er Y P) Bug 


and, rearranging, dy = Ves—Vy—Vp) aVy. 


gD 
Lre0erB 


Integrating over the length of the channel 


Ipd [ t” 
dy =|” Vos—Vr—Vo) dV. 
pneorB J ly : Voes—Vy—Vp) dVy 
Ip dL 1 
or as Ro Vos—VeVos—a Vibs 
r 
£0&+B 1 
or Ip — Las a | Vos—VrW vs Vis|. 
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This analysis ignores the physical resistance of the source and 
drain regions which, in fact, modifies the limits of integration. 

The limit of the ohmic region may then be determined by putting 
Vos = VetV os; 


i.e. Ip = Vos. 


In this type of MOST, Ipss is very nearly zero and usually Jp, 
is taken as a reference value. This is the current flowing when the 
gate is biased for maximum conduction. 

Putting Vgs = Vgs,,,, and Vps = Vgs,,,.—Vp in the expression 
for Ip, 


€9e,B | 
Igy = A [Woosans-V OP 9 VosanV oF] 


_ Me oer B 


2 “2d V Gs Vp). 


Therefore Ip = ———" 
~ Vesna Vey 2 
Putting Vp; = Vgs—Vp enables the drain saturation current for 
any value of Vg, to be evaluated, 

2Idox 
Vs V ey 


=} Ves—Ve \* 
Tone ere) 
Obviously, when Vg; = Vgs,,,,> this reduces to Ip, 
The mutual conductance, again defined as the change in drain 


saturation current with gate voltage, when the drain voltage is 
constant, is given by 


lox |%es —VpWVps— z Vs ; 


; 1 
ie. Ips= |%es —Vp)— > Ves- vor 


Olps 
Ves 


a Td ox 
VGSinaz—V P)* 


&n = 


X2Ves—Vp). 
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This has a maximum value of g,,, when Ves = Ves 


De. 


bs B00 Tasaue—V 


At any other value of Vg, 


This expression shows that the mutual conductance is directly 
proportional to the gate voltage Vg.. 


4.4, The Insulated Gate Field Effect Transistor 
(Depletion Type) 


This type of MOST transistor differs from the previous one in 
that during manufacture a conducting channel is produced by 
diffusion in the substrate between the source and the drain. The 
resulting channel allows an appreciable current to flow even when 
the gate voltage is zero, and as the gate is taken progressively 
more negative there is a corresponding reduction in current. 

Complete d.c. connections for a MOST device operating under 
depletion conditions are shown in Fig. 4.15. The drain current that 
flows when the gate substrate voltage is zero, increases approxi- 


Channel > 


Channel 


: + 


Fic. 4.15. Test circuit of a MOST (depletion mode). 
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mately linearly with drain-source voltage for low values of Vpg, but 
soon reaches its saturation value. This saturation or “pinch-off” 
effect is due, as in the enhancement type, to the variation in voltage 
along the channel itself. The voltage between gate and substrate 
becomes progressively more negative as the drain is approached, 
depleting the channel of carriers and causing a variation in channel 
width as shown in Fig. 4.15. 

Similar characteristics are obtained for negative potentials ap- 
plied to the gate, but obviously a lower saturation current is reached 
at a lower value of drain-source voltage. A complete set of charac- 
teristics is shown in Fig. 4.16, and, with the assumption that the 
substrate and source are connected, the drain saturation current 
for zero gate voltage Igy is relatively high. As in the enhancement- 
mode type equal increments of Vg, produce unequal increments 
of Ips. 


Increasing 
negatively 


DS 


Fic. 4.16. Output characteristics of a MOST (depletion mode). 


4.4.1. Construction of a depletion-type MOST 


The construction of this type of device follows the same pattern 
as the enhancement mode type with the addition of an extra 
stage of diffusion. This takes place before oxidization and a medium 
resistive n-type channel is produced in the substrate between the 
high resistivity source and drain regions, as indicated in Fig. 4.15. 
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4.4.2. Theory of the depletion-type MOST 


As stated previously, the presence of free electrons just below 
the oxide layer in an n-channel device gives rise to a conducting 
channel when the gate voltage is zero. This corresponds to a surface 
charge density q,. 


Then mobile charge density = g,+ eoer(Vas—Vy—Vr) 


d 
Er 
= — Ves—Vy—Vp+Vc), 
where Vo= qed : 
EQEr 
Hence, as in the previous section, 
€9e,B 1 
n= Mo |Vos-Vr+ Vo os~5 vis]. 


In fact for this type of device, maximum current corresponds 
to Vgg = 0, and in practice Vg, is made negative to produce a 
positive charge at the interface and deplete the channel of carriers. 
Maximum current Ipss then corresponds to Vgg = 0 and Ve = 
VptV ops, 

BeoerB 
2 dL 

Hence at a given positive value of Vp, and a given negative 
value of Vg less than pinch off, the current is given by 

2Ipss 


1 
Ip = We | Vo-Ve- Vas ps 5 Vis}. 


i.e. Ipss = (Vc—Vp)*. 


The limit of the ohmic region may then be determined by putting 
Vo =VptVestV ps, 
2Ipss 2 1 2 
a Pe ey 
Vo— Ve DS 2 Bs] 


ee eg 
= wel 7) : 


i.e. Ip 
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The drain saturation current at any value of V,, may be evalu- 
ated by substituting Vp, = V~—Vp—Vgg in the expression for the 
drain saturation current, 


2Ipss 
(Vc—Vpy 


Vc=Ve—Ves\* 
= Ios a ) 


2, Vos 2 
tol 


The output characteristics for this device are then as shown in 
Fig. 4.16. 

Finally, in this section the mutual conductance may be deter- 
mined, 


. 1 
tc, ie= |e Vr—Vos)— 5 Vo—Vr— Vos} 


_ Ves 1 
~-tosel-(76"¥5)|(—Ve=7e) 


_ _ 2lbss Vos. |: 
Ver- Vp) Vo—V Vp 
This has a maximum value g,,, when Vg is zero, 


ie a 2Ipss 
e. i a 


At any other value of Vg, 


_ i_ Vos 
8m = 8m Veale Vp 


This shows that g,, is directly proportional to the gate voltage. 


126 ELECTRONIC DEVICES AND CIRCUITS 


4.5. The Insulated Gate Field Effect Transistor 
(Eshancement Depletion Type) 


Although the MOST devices described in the previous section 
are limited to a maximum gate voltage of zero, they may be modi- 
fied such that the gate may be made positive with respect to the 
source without exceeding the current rating. When this occurs, the 
device will operate under depletion mode conditions for negative 
gate-source voltages and enhancement mode conditions for posi- 
tive gate-source voltages. Devices designed as such have the advan- 
tages that no bias components are required, and signals to be 
amplified may be connected directly to the gate. 

A typical set of output characteristics for such devices is shown 
in Fig. 4.17. The drain saturation current ([pss) for zero gate- 
source voltage is something less than half the maximum allowable 
current due to the non-linear relation between drain saturation 
current and gate-source voltage. 


Ves 


increasing 
positively 
(enhancement mode) 
Ves ; 

increasing 
aegatively 


Vgg20 


(depletion mode) 


\y $s 


Fic. 4.17. Output characteristics of a MOST (enchancement/depletion 
mode). 


The construction follows the same pattern as the depletion type, 
but the amount of impurity diffused. into the substrate material 
for the n-type channel is controlled so that both depletion and 
enhancement modes of operation are possible. 
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A theoretical treatment will obviously follow the same pattern 
as the depletion type MOST with the stipulations that V,, can go 
positive and Ipgg is not the maximum current. 


4.6. Equivalent Circuit of a Field Effect Transistor 


As in the case of vacuum valves, a FET is a voltage-operated 
device with a very high input impedance. The input current may 
be ignored for the majority of purposes and the drain current may 
be regarded as a function of gate and drain voltages, 


ie. In = f Ves, Vos). 


Using the total differential theorem, 


lp Olp 
Ip = Vos Vest ap 6V ps 
OV 
= gm Vest —_ , (4.6.1) 
where £m = Me is the mutual conductance 
Gs 
and rps = oes is the drain resistance. 


Equation (4.6.1) may be represented by the equivalent circuit shown 
in Fig. 4.18. 


Fic. 4.18. Low-frequency equivalent circuit of a FET. 
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As shown, the diagram represents small changes in direct values, 
but it is equally valid for small-signal low-frequency alternating 
currents. 

At higher frequencies, device capacitances have to be included. 
The input capacitance Cg, is that of the reverse biased pn junction 
for the junction-type FET, and that of the natural capacitor formed 
by the gate, oxide and channel for the MOST. The output capaci- 
tance Cpgis not usually as important as the input capacitance, due 
to the lower resistances associated with it, but the drain-gate capaci- 
tance must be allowed for in the case of MOST devices. This is 
due to the inherent constructional difficulty of ensuring that the 
gate electrode does not spread over the drain region as indicated 


Gate overlapping 


a we drain region 


LLLLLLUMMMRCLLILLL LLL / aa L/L, Oxide 


a | 
Soutce Channel 
Substrate Drain 


Fia. 4.19. Drain-gate capacitance of a MOST. 


in Fig. 4.19. The oxide layer between them again provides the 
dielectric for a natural capacitor. An equivalent circuit valid for 
high-frequency calculations is then as shown in Fig. 4.20. 


Vie . Jf " ohh Ne 
© | ® 


Fic. 4.20. High-frequency equivalent circuit of a FET. 
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Questions on Chapter 4 


Q.1. Discuss qualitatively the construction and characteristics of FETs. 
Both junction and insulated-gate types should be considered. 


Q.2. Show that for an insulated-gate field-effect transistor the drain current 
in the ohmic region is given by 


2Inss 


to = VP 


1 
[Yo Ve—Vos)Vns-- V3a)> 


where the symbols have the usual meaning. 
Q.3. Show that the pinch-off voltage for a junction-type FET is given by 


eN, D® 
i Bee, ° 


What is the comparable effect in an insulated-gate FET? 


Q.4. The mutual conductance of a FET depends on the gate source voltage, 
Explain quantitatively how this statement applies to (a) a junction-type FET. 
(b) an insulated-gate FET. 


Q.5. Derive an equivalent circuit for a FET that is valid at low frequencies. 
How is this modified for high-frequency operation? 


CHAPTER 5 


Small-signal Equivalent Circuits of Bipolar 
Transistors 


Over the years a series of small-signal equivalent circuits for bipolar 
transistors have been suggested, and of these it appears that four 
are well established. Two of these, the “h” and “y”, are black-box 
equivalent circuits and are derived directly from fil and output 
conditions, while the other two, the “T” and the hybrid-z, bear 
some relation to the physical construction of the device. A different 
subdivision is that “h” and “T” equivalent circuits are in general 
confined to low frequencies, while “y” and hybrid-z are more 
useful at high frequencies. 


5.1. The “h” Equivalent Circuit 


This circuit has been used extensively in previous volumes and 
is derived from Fig. 5.1 (a) and shown in Fig. 5.1 (b). Since any three 
of the four variables V1, 11, V2, Zz will ensure a unique value of the 
fourth, they are not unrelated variables, and any one may be re- 
garded as a function of any other two. For this circuit, Vi and J, 
are assumed to be functions of J; and Ve, 


i.e. Vi = f(h, V2) and Ip = F(h, Vo). 
Using the total differential theorem, 
Vv, = a Sr oat ae Vs. and Qi oe Pot 8V. 
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I, 1, 


(a) 


Loh hs 
eV 
1 
V, nl To Vy 
hid, 


(b) 
Fic. 5.1. The “h” equivalent circuit. 


ov, : : jisk . 
OL, = h, isthe slope of the input characteristic or the a.c. input 
impedance with output short circuited. 
OV. : — 
a = h,is the slope of the feedback characteristics or the a.c. 
2 
voltage feedback ratio with input open circuited. 
ol. : roe 
or = h, is the slope of the forward characteristic or the a.c. for- 
1 
ward current gain with output short circuited. 
ol, : af 
av, = h, is the slope of the output characteristic or the output 


admittance with input open circuited. 


It does not matter whether pnp or npn transistors are considered 
since the slopes of the characteristics are of the same sign. Also 
it does not matter whether small changes in d.c. or small-signal 
a.c. is considered, and hence these relations may be reduced to 


VzA=hN+hVe, and h= hyly+ hVe. 
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These equations are directly represented by the equivalent circuit 
shown in Fig. 5.1 (b). 
With a load admittance Y, the equivalent circuit is as shown in 
Fig. 5.2, and 
TL: 
Ve=- by 


Y;+ hy : 


vy 


Fic. 5.2. The “h” equivalent circuit including load admittance. 


Therefore Vi =hlthV. 
hyly 
= hh+h{ ——# 
en ea 
Input impedance, Zin = Bo eas ar te (5.1.1) 
hy. 
* In _ hohy 
or current gain Th = hy- Vth, 
__ Wm 
ant ore a (5.1.2) 
: Vo 
Also, voltage gain = — 
Vi 
hl x 1 
(Yi+h,) L hp hele 
1 Y;t+ho 
h 
£ (5.1.3) 


AY 1+ hy) — hey” 
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Further, assuming a source impedance of Z, and applying a 
voltage V to the output as shown in Fig. 5.3, 


_ hyh,V 
Therefore I=Vh, Tyt Zs’ 
. : I 
ic. output admittance You aaa 
Bs h,hy 
=h, a (5.1.4) 


Assuming all the / parameters are purely resistive (valid. over the 
usual range of calculations) and the source and load impedances 
are also purely resistive, the matching resistances may be derived 
from eqns. (5.1.1) and (5.1.4), ie. eliminating Z, between these 
equations, 


hyh 
eS ie 
hith-s—* 
Y it ho 
or (¥p— ho) [2AA¥ 1+ Mo) —hghy] = — hiphy(¥ 1+ ho), 
ie. Dh ¥}— He) — hylty(V1— ho) = —hyhy(¥ r+ he) 


or 2h(¥7 —he) = —2h,hyho, 
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ie. Yi=  (8-"-") 
= / (7) VU(hohi—hehy)) 


- Ci) 


where h = hgh;—h,h,. (5.1.5) 
= h,hy 
Therefore Zs = h-—— 
hh 
+h 
h, 


_ Vitohhi) + hah hey 
Vic) 
_ Vhohhi) +h 
Ve) +h, 
_ _Vhly (heh) +A 
i [Vh+V(hohi)] 


x y Ge): (5.1.6) 


The a.c. power gain may also be derived. For pure resistive source 
impedance Rg and pure resistance load impedance 


power gain = 


f Arh 
hyG, 
~ [hG,+ ho)— hh] (Gi+ ho)’ (5.1.7) 
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The maximum available power gain occurs when the transistor 
is correctly matched, 


i.e. maximum available power gain 


EV (hgh) +A] lV Gi) +he| 


hy 


~ Ey Uhiohh) +h} E + / Ce") | 


hi 
_ V (hohhi) + h + hh; + V (hehjh) 
= hy 
~ [Vht+V(hohi)}? 

These relations are valid for common-base, common-emitter 
and common-collector circuits, suitable subscripts being used in 
each case. The relation between these parameters have already 
been derived (see Volume 2, section 7.3) and are summarized in 
Table 1. 

The comparison between parameters brings out some interesting 
results for the common collector. 


(5.1.8) 


a + hye) 
Yit Noe 


= NyeZ . 


From eqn. (5.1.1), Zin = hie + 


From eqn. (5.1.2), current gain 


= Nye . 
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TABLE 1 
Common base Common emitter Common collector 
ib = ve Ny hig = Ig 
= cca Ire lye = 1 
=~ ae hy Hye = —(1 + hy) 
hes = ic hoe hoe = hoe 


From eqn. (5.1.3), voltage gain 


al. 


From egn. (5.1.4), output admittance 


(1+Mye) hye 


i foc + hiet+ Zs 7 Zs : 


i.e. output impedance 
x Zs 
hye” 


From eqn. (5.1.8), maximum available power gain 

(1+ Aye)? 
(V[hiehoe + ad + hye)] + V (hiehoe))? 
= Nye, 


since Ay, is the predominant term. 
Although not usually used at high frequencies, some writers have 

modified the low-frequency real values of h,, h,, and h, by the 

inclusion of quadrature components. These include an input 


SMALL-SIGNAL EQUIVALENT CIRCUITS 137 


capacitance in parallel with 4,, an output capacitance in parallel 
with h,, and a modification of the current gain h,. The input 
capacitance is composed of components due to the emitter—base 
depletion layer capacitances and the much larger diffusion capaci- 
tances. Even when combined, however, their reactances are 
usually negligible compared with h;. The output capacitance due 
to the collector depletion layer must be included, and the variation 
in hy is as given in previous volumes, 


hybo 


i.e. hy = — 
ia ame E27 2 


where hy,, is the common base current gain at low frequencies 
and f, is the « cut-off frequency, and 


hyeo 


Ye = re 


~ 1+Jflfe 


where h,,, is the common emitter current gain at low frequencies 
and f, is the 8 cut-off frequency. 

A high-frequency small-signal equivalent circuit for the common- 
base connection would then be as shown in Fig. 5.4. For the com- 
mon-emitter connection a similar circuit could be drawn, the output 
capacitance in the two circuits being related in a similar manner to 
the output admittances, 


i.e. Noe = hor(1 + hye), 
and Coe > oo(1 + hye). 


Fic. 5.4. High-frequency “h” equivalent circuit. 
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5.2. The “y” Equivalent Circuit 


As with the “h” equivalent circuit, this representation of a tran- 
sistor has been used in the previous volume and is redrawn in 
Fig. 5.5. 


| 
| 
| 
i 


Fia. 5.5. The “y” equivalent circuit. 


In this case the input and output currents are assumed to be 
functions of V; and Vo, 


i.e. i, =f(V1, V2) and Ip = F(Vi,, Vo), 
using the total differential theorem 
oh oh Ole Ole 
6h, = ww, wot 3 Ws —-§V 9 and ble = Wi 6Vi+— Ve OVe, 
where 
oh, _ is the input admittance with the output short 
ov, ’ circuited. 


is the reverse transfer admittance, i.e. the ratio 
oh of the current flowing in the input circuit to the 
V2 "voltage applied to the output circuit with the 
input short circuited. 


7) an is the output admittance with the input short 

ar Yo tts : 

WV» circuited. 

al is the forward transfer admittance, i.e. the ratio 
2 


wv. = Ys of output current to input voltage with the output 
‘ short circuited. 
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These are basically a.c. parameters and are easily measured on 
admittance bridges. The above expressions may then be rewritten 


r=yWVityV. and Ip = yWVityVe 


where y,, y,, ypand y, are in general complex. 


I, Ty 
au 1 1 fy 
vi y Yo yy 2 
t 
yy V, y, V, 


Fic. 5.6. The “y” equivalent circuit including load admittance. 


Including a load admittance Y,, the equivalent circuit for an 
amplifier using y parameters is as shown in Fig. 5.6, 


i.e. Ig =—YWVo. 
Hence —YV2 = yVityVe 
V 
or voltage gain v, =~ Toon (5.2.1) 
. ve V V. 
Also, current gain, i = ere 
— Y~Vors)/Vit Vo) 
Vi- Vp) |W t+- Vo) 
Ui 
=. 5.2.2 
VAY 1+ Yo)—YeYe (6.2.2) 
Eliminating V, from the expression, J, = yV1+yVq, 
VYV1 
h=y¥i-— _, 
1=S)i¥1 Yi+y 
. . . i Vee 
e. t admitt Yin = = . 5.2.3 
i.e input admittance Yin V, Vi Vityo ( ) 
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Fic. 5.7. Output admittance using y parameters. 


Further, assuming a source admittance y, and applying a voltage 
V to the output as shown in Fig. 5.7, the voltage across the input 
is given by 


Vsti 
Hence the current J is given by 
T= yV—22"-Y, 
Vsti 
and output admittance 
u Ye 
You =—- = Vor . 5.2.4 
out V Yo Vebyi ( ) 


Remembering that all the y parameters are complex, the input 
and output admittances are given by 
(8, +Jbr) (8 + Jb) 
(21 +jbi) + (Zo +jbo) 
(8 +jbr) (gp-+jby) 
(85+ jbs)+ (git Jbi) ° 


Bint Join = (gi t+jb)— 


and Zourt+Jbout = (Zo +jbo)— 


For correct matching, 


&s = Sin> bs =—bin, 
&1 = Sout, bi =—Dbou.- 
Hence under these conditions, 
. ° (2, +jbr) (gp+jby) 
—jb, = (2;+}b)— S ; 
8s J Ss (git+/ i) (g1+ Bo) +)(b}+ be) 
(gr +jbr) (gt Jjbp) 


gi—jby = (Z0+jbo)— (g-+- 8) +i(bs +5) . 
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Therefore [(gs—gi)—j(bs + 5)] [(g: +80) +f (61+ bo)] 
= (S:8¢— bbe) —j(grby + gpbr) (5.2.5) 


and [(g:— 80) —j (b+ bo) [(gs+8i)+J (bs + bi)] 


= (885 — b,by) —j(grby+ &yb,). (5.2.6) 
Subtracting, 


28s80— 2gi81— 2jg(bs + bi) + 2jgs(bi+ bo) = 0, 
equating real terms, 880 = &Ep 
equating quadrature terms, g,(b,+6,) = g,(b,+0,), 
from these expressions g(b,+5,) = g(b,+,); 
adding eqns. (5.2.5) and (5.2.6), 
28s 81— 28: Sot 2(bs+ bi) (61+ bo) — 2)8o(bs + bi) — 2jgdbi + bo) 
= — 2(88¢— brbp)— 2j(Srby + 8¢br), 
equating quadrature terms, g,(b,+6))+8(b;+-b.) = (g-b¢+ gybr). 


Since go(bs-+b;) = gibi tbo), bs = (Sse) — 


and by = (Se) -b. 
28: 


equating real terms, 
&s81— 8180+ (bs + bi) (br + bo) = —(8r8¢— brby). 


Substituting from the above relations 


& (g-bp+ Bf br)? 
2O°_ gig, + Ore or” =—(g,87—b,b 
BT 88, deiko (8-8 5— bby) 
gi &rbpt grb, \? 
or © =) |f- = @e—bbp)— (SE 
g |e gs ore f) ( 2g, ) | 


0 rbp + grb, \? 
d = 2_ 80 (g 9 b,by)— (See Pr) | 
an 81 \/|2 21 (88 ) ( 3g, . 
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The power gain for any terminating impedance is given by 


Pout _ |V2)? 8 
Pin Vil Sin 
_ ly oy gi 
~ [Yi+Yol? Vr YF , 
Rel yj — ef 
e[n YitYo | 


where Rel 9 yor | is the real part of the input impedance. 
i ) 


Under matched conditions, the maximum available power gain 
is achieved, 
i.e. maximum available power gain 


_ ety? gr 
(81+ 80)? + (b1+ Bo)? Sin ° 


op + Br br \® 
h = — So -2¢— bp) — (a) | 
where 81 /|s g, Ber bry) 2¢, 


t 


&! _ 8 
Sin &i 
_ Srbg+ Br br 
and (by-+bo) = (a 
Therefore maximum available power gain 


§o 
+b, 282 
(8 ry) gi 


~ &o Srbet+ afb, 2 
295 ——— (87r85— bb) — | 
Zo fi (8787— rb) ( 3g, 


&o &rbp+ arb, \* Srbp+arb,\? 
+ 2. o / 2 ~~ r _— bb ( 
g goo (8,8 — by by) 3¢, + 2, 


&o 
+ by 
(gt by) 21 


~ o 1D + g, b,\2 
2 2_ 80 , —b,b 42 | 2_ 80 . —b,b -( SU SFUr 
g PAG 8s — brbg) + 280 1) | & Zi (8-87— brby) a 


_ (get)? 
2808i— (8r8¢— byby) + / [Asi oT 4208481 8¢— bby) — (grby+a¢b,)"] 
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As in the case of hybrid parameters, these relations are valid 
for common-base, common-emitter, and common-collector cir- 
cuits, suitable subscripts being used in each case. The relations 
between these may easily be derived as shown below. 


Fic. 5.8. Currents and voltages for a common-emitter stage. 
Considering the common-emitter circuit shown in Fig. 5.8, 


Ih = Vibe Viet VeeVres 
I, = Vie Vpet Ve Yoe- 


But IL+h+I, =90 
and Vee = VeotVie0e3 
hence I, = (—Ves) Ye + (Vb —Veb) Yor 


= Veo(—Yfe—Yoe) + Vcb Yoes 
and by comparison with I, = Ves yg4+tVcb Yoo, 
Yep =—(Yet+Voe) and Yoo = Voe. 
Also —-I,=hh+I, 


= (- Ves) Viet Veo _ Veo) Vre 
+ (- Veo) Vfet+ Ves = Ves) Yoe 


or I, = Vew(VietVret+Voe +Vje) + V 2b(—Vre—Yoe), 
and by comparison with I, = Ves yiet+Vebyrb, 
Vib = Viet Vret+ Vet Yoe and rb =—(Vret+Yoe). 
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TABLE 2 
Common base Common emitter Common collector 
Viv = Viet Veet Vjo + Voe) Vie Vie = Vie 
Vey = — (Vre+ Voe) Vee Veo = ~Veo 
Vp = — (Ve + Voc) Vye Vie = — (Vje+ Vie) 
Yoo = Vow Yoe Yoo = Voot+Vre 


In a similar manner, relations between common-emitter and 
common-collector parameters may be derived. Table 2 is complete. 
For low-frequency purposes, when reactive terms may be ig- 
nored, the y parameters may easily be related to the A parameters, 


i.e. Vi =hht+hV. 
and In = hy thV 2. 
The first of these equations may be rearranged to give 


1 h, 
= We i 


i Vo. 


Hence, by comparison with ly = yVit+yVe, 


1 h 
{ Sarre and r = . 
y hi an y hi 
Vi hv. 

Also i= - a ‘) thV2 
_ly h,hy 
ma Vat (ho) Va, 

and by comparison with Iz = ypVityoVe, 

ye= se and y, = pa 


h; hy - 
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As stated previously, these y parameters are very useful for high 
frequencies, particularly when the frequency range is such that 
the variation in parameters with frequency may be ignored. 

As an example of the use of the y parameters, consider the 
unilateralized amplifier shown in Fig. 5.9. The bias components 
have been omitted from this circuit and the relevant theory, covered 
in previous volumes, is assumed. 


To 
similar 
stage 


Fic. 5.9. Unilateralized amplifier. 


The amplifier has a bandwidth of 200 kHz centred on 10 MHz, 
the loss-free transformer is tightly coupled, and the admittance 
parameters y;,,, Yj. and y,, are 2 mS, in parallel with 50 pF, 50 uS 
in parallel with 2 pF and 50 /270° uS respectively. 


eer 


Fic. 5.10. Equivalent circuit of Fig. 5.9. 


Bese Se Ste 


The unilateralizing components C, and R, will exactly balance 
the internal feedback through the device, represented by y,,V,, 
and the equivalent circuit of the stage is as shown in Fig. 5.10. 

Assuming perfect unilaterization, the output resistance of the 
stage is 1/g,, = 10°/50 = 20 kQ, and for this to match the input 
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resistance of 1/g,, = 10°/2 = 500 Q, the turns ratio is given by 


20000 
ee / on = 40 = 6-33. 


The output circuit is then represented by Fig. 5.11 and for a 


Fic. 5.11. Output circuit of Fig. 5.9. 


bandwidth of 200 kHz centred on 10 MHz 


fo _ Ree 


= Bandwidth ~ oL,’ 


where L, is the primary inductance, and Rg is the effective valve 
of the damping resistance (10 kQ), 


is 50 = 1% 

ra? ~ 2%X10?XL, ’ 

; 104 

1.€. L, = xxiow Ul = 3-2 wH. 


The total tuning capacitance is given by 


o? = : 
a or 
or Cr = J F 
? “An? X 1043-2 1075 
= 79-5 pF; 


2 pF of this is supplied by the output admittance y,, and s = 
1-25 pF is reflected across the transformer. Hence the required 
tuning capacitance is 79-5— 3-3 = 76 pF. 
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Under the unilateralized condition, an input V1 gives rise to a 
current y,,V, at the collector and y,,V,Z,/6-33 across the secondary 
of the transformer. Theinternal feedbackrepresentedby —y,,y;.VZ, 
must be balanced by that due to the unilateralizing network. Allow- 
ing for the necessary inversion by the transformer, this gives 


VWeVilZe V 
ra, ae | 
Oe OBS 
VreVfeV 1440 = naa A) Se iD 
eee VeV1Ze 
or VreVpeVile= 6-332 /b very nearly, 


where Z /d le is the impedance of the unilateralizing network and 
Z, the impedance in the output circuit, : 


; 1 
Le. Zl =— 633, 


1 
~ 6:33 50X 10-8 /270° 
= — 3160 /—90°Q 


Hence the unilateralizing network comprises a capacitor whose 
value is given by 
1 
Ch = aS 
22 X 10’ 3160 
=O5F. 


F 


Within the limits of calculation the unilateralizing resistance is zero. 


5.3. The “T” Equivalent Circuit 


This equivalent circuit was widely used in the early days of 
transistors. It is still used extensively, but has tended to be replaced 
by the “h” equivalent circuit or a simplified version of the hybrid-z. 
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With correct operating potentials, a transistor comprises a 
forward-biased emitter junction between a low resistivity emitter 
and a relatively high resistivity base, and a reverse-biased collector 
junction between the base and low resistivity collector. The resist- 
ances of the emitter and collector regions are very low, but 
account must be taken of the appreciable base resistance, and this 
may be shown as a resistance r,,, where b is the external base 
connection and b’ an imaginary internal base connection. Figure 
5.12 shows the complete low-frequency circuit with r, as the resist- 
ance of the forward-biased emitter diode and r, the resistance of 


Fic. 5.12. Grounded-base “T” equivalent circuit. 


the reverse-biased collector diode. Current and voltage generators 
complete the circuit, the current generator a/J, representing the 
proportion of the emitter current J, which appears at the collector, 
while the voltage generator represents feedback between the collec- 
tor and emitter circuits. The latter is necessary since an increase 
in collector voltage (i.e. more negative) leads to an increase in 
depletion layer thickness and decrease in base width, which implies 
a lower emitter current for a given collector current. 

The factor 4, however, is not an independent variable since it 
is related to the other parameters r,, r,, and «. Consider a small 
increase 6V,, in emitter voltage giving rise to an increase in emitter 
current 6J,, and an increase in collector current of very nearly 
—6I,. 

Then OV oy = (« 61.4 61.) re 
=—6I,(1—«) re. 
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But gr, — Vere Vow 
Fe 
since Ven = OV ey. 
Therefore Vey = (Voss se (l—«) re, 
i.e set ee 
< (i—a)r, Gr r). 


Allowing for the difference in sign between V,,, and V,,,, 


_ Ver 
nS OV ew : 
nee ek 
Hence L= Mi —ayre 


The circuit is not normally used in this form and is usually 
transformed into the circuit shown in Fig. 5.13. The resistance r,, 


Fia. 5.13. Simplified grounded-base “T” equivalent circuit. 


is an additional resistance to allow for the feedback generator 
HV 4. Its value may be estimated by considering the input circuits 
of Figs. 5.12 and 5.13, 

i.e. Veb = Lere+ WV cy + UetIe) hoy = Lre+ Ue+1c) (re + Fae’) 

or LV ey = (e+ Ty) rp. 
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But Vie = detI) re (assuming « = 1), 
hence ry = Mc 
~ 201 —«) ° 


The resistance r, is known as the intrinsic base resistance com- 
pared with r,,- which is termed the extrinsic base resistance. 
Combined, these resistances are designated r,. As indicated, the 
equivalent circuit shown in Fig. 5.12 corresponds to the common- 
base connection. It may easily be reorientated to give circuits for 
the common-emitter and common-collector connections as shown 
in Figs. 5.14 and 5.15. 


al, 


Fic. 5.14. Simplified grounded-emitter Fic. 5.15. Simplified grounded-collec- 
“T” equivalent circuit. tor “T” equivalent circuit. 


The current generator in the common-emitter circuit is often 
stated in terms of the base current. If the volt drop across r, is 
considered, 


i.e. V,, = Tetet+ alec 
= Ter,—a(T e+ Ip) We (since 7.+4,+], = 0) 
= [.r(1—a)—alpre 


= r{1—a) [Je (7) | 


where p= Tox" 


R 
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This equation shows that if the impedance r, is replaced by 
r(1—a), the current generator may be replaced by —f/,. Hence 
the equivalent circuit may be re-drawn as shown in Fig. 5.16. 


Bly 


b I, t Ic 
O-- 2 N 


Fic. 5.16. Modified grounded-emitter “T” equivalent circuit. 


The analysis of circuits using the “T” equivalent circuit gives 
different expressions for the three modes of connection, not just 
a change of subscript as with “h” and “y” equivalent circuits. 

Consider the common-emitter circuit with a load R, as shown 


in Fig. 5.17. 


aI.=-a(II,) 


fe 


| Voe fe Rz 


Fic. 5.17. Common-emitter equivalent circuit including load resistance. 


The equations for the circuit are 


Vooe = Toro t+(ht+ here (5.3.1) 
and 0 = [(RiA ret re) t+ lore— ay tT .)re- (5.3.2) 
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The current gain may be determined directly from eqn. (5.3.2), 


. . I, 
1.e. current gain = -—— 
I, 
Olo—Ve 
~ Ritre+r(1 —«) 
= * since rp «<1, 
~~ eS te. 
(1—a)+—* 


Eliminating 7, from eqn. (5.31), 


alte 
Vee = Unltot te) ee 
be = Wrote) LRP 


Therefore Zin = Ve 
I, 
= ryt, 4 — re 
mre =a) + (Ri/re) 
=rt+-— if reeR 
. TR; 
Voltage gain = — aa 
be 8 IpRin 
—~_% » R; 
(l—a)” ret+[re/(1—a)] 
ee 
rot+re(1—a) ° 


The power gain with a pure resistance load is given by 


Power gain = current gain X voltage gain, 


_ a*R; 
(1a) [retro —a)] ” 
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al,=-a (I,+I,) 


Th I, 
Vw 


nok 
i 


Fic. 5.18. Output impedance using T parameters. 


To find the output impedance a voltage V may be applied to the 
output with the input generator replaced by its output impedance 
(Fig. 5.18). Then 


V= Trot te)—a + Lote + Tore 
and O = 1,(Rstrotre)t lore. 


Eliminating J, gives 


(aret+ire)te 
V=I[r. _ ——___—_., 

dltet rl — a) 4+ 
Since re Ke, 
V 
Zout = Tl 

_ Or Ve 
OO Ribs 


Similarly, relations may be derived for common-base and com- 
mon-collector configurations. After certain approximations the 
results are as given in Table 3. 

The T parameters may be related to the A parameters. For the 
common-emitter circuit, 


Ve = In(rot+re)+Lcre, 
V ce = o(Fot re) — a+ Ip)ret+ Tore. 
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TABLE 3 
Common base | Common emitter ears collec- 
un R, 
Zin r,trjd—e) r+ Ga) fet — 
Z arr, a ) ar le (R ) (1 
out re retre-t+ Ze rii-@ sere: 2 ret Rs +o —a) 
Cc t gai g 1 
urrent gain ~% or eee 
Voltage gai ans aR, Ri 
oltage gain retre(l—«) T,+rx —&) R,-+r(—a) 
P F aR, aR, 1 
ower gain retry —a)  |(—e) [r,-+rs—a)] l—a 
(are—Te) Vig 


Therefore I, = re+r(l—a) Pie (=a) . 


But he XK. 


Vew 
Therefore I, = cee Zetia: 


Comparing this equation with I. = yelp + hoeV ce, 


a h 
Rife lite 
mi 1 : — Lthye 
BES tied Oa ee 
Also Vee = [n(r,+he)+ aay Ae Veo r 
be — 4b6\"b e€ fee b re e 
Ve Ve 
= blr") Tre) Vee. 
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By comparison with Vie = hiclg threV ce, 


le =—t— ot = 
re r({1—a) veh 
and hie = rot ve or m= Ij — re the) 
l—« hoe 


Modifications may be made to the “T” circuit to enable it to be 
used at high frequencies. These follow the same lines as the modifi- 
cations made to the “h” equivalent circuit and for the common- 
base configuration a high-frequency equivalent circuit is as shown 


in Fig. 5.19, 


a=) Te 


(Tit 


Fic. 5.19. High-frequency “T” equivalent circuit. 


5.4. The Hybrid-x Equivalent Circuit 


The common-emitter hybrid-2 equivalent circuit may be derived 
from the equivalent “T” circuit by means of the current generator 
theorem shown in Fig. 5.20. The theorem shows that a current 


| 


Fic. 5,20, Current generator theorem, 
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generator across one of the three impedances connected in delta 
may be replaced by identical current generators across the other 
two. The theorem may easily be verified by calculating the voltage 
across any impedance for both configurations. 


al, 
. I, b’ Cc 
~~ +) — 
Top’ Fo T, 
fe 

2 
Ste 

Lol 
O 
e 


Fic. 5.21. Common-emitter equivalent “T” circuit. 


Reorientating Fig. 5.12 gives the common-emitter equivalent 
eZ oe Ba ae Voy — MV py 
circuit shown in Fig. 5.21. From this diagram I, = (“2 ), 

é€ 
and this current may be substituted in the current generator «J,. 
Also “V4, in series with r, may be replaced by the equivalent current 


Vw 
LV eb and 


generator to give Fig. 5.22. The current generators 


r, 
«Vey F S 
: may each be replaced by two others to give the equivalent 


e 


xeVen 

a ef 
' \ % Ven" 
) aS a A € 
O---- WV = -—-O 

I, Toy’ te J, 
ve Wen’ 
Ve 


Fic. 5.22. Development of hybrid-x equivalent circuit—stage 1. 
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uVebr 


Fic. 5.23. Development of hybrid-z equivalent circuit—stage 2. 


circuit shown in Fig. 5.23, and further reduced by converting some 
of the current generators to resistors with the appropriate voltages 
across them. 


View 
For the link eb’, e oe may be replaced by a resistance —r,/a 
e 
which in parallel with r, gives Pelt) ile , denoted by 7, 
re—V|% l—a« 
For cb’ the current generators may be combined to give a single 
1—a)Vi,. : 
generator Wee flowing from b’ to c, and since w= 
t this may be replaced by a current generato Vow and 
—_— s 
is ee i ceaeaeaes aa 


hence by a resistor —2r,. This resistor in parallel with r, gives a 
resistance of 2r, denoted by 7,,,. In practice, r, is low and V,,, is 
approximately equal to V,, so that the current generator “V,,,./r, 
may be replaced by a resistance r,/u = 2r(i—a«) =r,,. Using 
these substitutions the hybrid equivalent circuit may be derived 
as shown in Fig. 5.24, where g,, = a/r,. 

This form of the grounded-emitter equivalent circuit is particu- 
larly useful at high frequencies when the effective base-emitter 
capacitance C;,, may be shown across Fr, and collector—base 
capacitance C,,, across r,,, as illustrated by Fig. 5.25. 
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b Ll abt b nie 2h Isc 


Fic. 5.24. Hybrid-z equivalent circuit. 


Cy, 


Fic. 5.25. High-frequency hybrid-z equivalent circuit. 


e Yo/, fh c 


Fic. 5.26. Common-base hybrid-z equivalent circuit. 


A similar argument may be used with the common-base config- 
uration and gives rise to the equivalent circuit shown in Fig. 5.26. 

Analysis using the hybrid-z circuit may be illustrated by consid- 
ering an amplifier with a load impedance Z, (or admittance Y,). 
Ignoring bias components the equivalent circuit of such a stage 
is shown in Fig. 5.27. In this circuit Z,., includes 7, and C,,.,3 
Zye includes r,, and C,,, and g,, = I/r,,. 
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2c I 
f 


b Top’ b c 
Ov +} ~ O- 
Tin 
Z g Vv r eld Z ott 
Vin b’e mb ce Oe. ¢ Y 
e 


\ 


Fic. 5.27. Analysis using hybrid-z equivalent circuit. 


: : Vy 
To a first approximation, V.y = (2%. 


Beet Yi) 
than V,,,, and the feedback current is given by 


&m Vive 


[= ->— >. 
ae (g ce + Y)Zp'c 
SmV b'e 
Therefor Voyre = {lin SZ 
ica se ( ae YD.) - 
TinZbre 
or Vive = 
vs &mLb'e 
(Sce+ Y)Zp'c 
Therefore Vin = Tintow + Vivre 
TinZp’e 
= Tintyy + ————>——__ 
in? bb ; rae AP 
(8ce+ Y)Zb'e 
: ; Vi 
Hence input impedance Zin = 7 
in 
Zoe 
= Ty +———— . 
1 &mZb'e 
(g. ce + Y)Zp 
The current gain of the circuit is given by 
Y; 
m V e 
( &mLb'e ) Vive 
(Sce + YN Zo'c Zb'e 
BmYV 1Z5' eZ pc 


73 (ce + Y)Zpe+8mZ ve : 


V, 


out 
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is much greater 
1 
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: outZi 
Then voltage gain A= FourZi 
TinZin 
&mZb eLb'c 
(Sce+Vi)Zbre+ &mZbre 


1 


; 8mLZb'e 
rey +3 Zoe} | 1 +2 
se | : || (ce + all 


meee BmLpeLb'c 
(Beet Y1) Zoc(oe + Zoe)+SmZorelbo’ | 


x 


To determine the output admittance, a voltage V may be applied 
to the output circuit as shown in Fig. 5.28. The current fed back 
equals V/Z,,., very nearly. 


Fic. 5.28. Output admittance using hybrid-z equivalent circuit. 


_ VL Sr cree + Zs) 
Zoe Zoe +ro t+ Zs ; 


Hence, Vere 


Also current from source 


V SV Zyros + Zs) 
T=VS, ; : 
se Zo'c ‘ ZydZore +Prpp+ Zs) 


Hence the output admittance is given by 


1 &mZy elroy + Zs) 
Vp ee 
Senet Zb'c = Zod(Zoretron+Zs) 
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The power gain of the circuit is given by 


Ap = (current gain)?x (.) 


in 


= (voltage gain)? x (g.) 
Gin 

Although both hybrid-x and “y”-equivalent circuits may be used 
at high frequencies, there appears to be definite regions where one 
is more suitable than the other. Manipulation of the circuit equa- 
tions is easier with the y parameters, but difficulties arise when 
variable frequency or wide-band circuits are considered. The 
algebra of the hybrid-z equivalent circuit is usually more complex 
but, since the parameters are independent of frequency, the circuit 

may be used over a wide frequency range. 


3 _ 
Bake 


Fic. 5.29. Wide-band amplifier. 


A particular example of the use of hybrid-x equivalent circuit 
is the wide-band amplifier shown in Fig. 5.29. Assuming a resistive 
source impedance and ignoring the effect of bias components, the 
equivalent circuit of the amplifier may be represented by Fig. 5.30. 
Also in practice, since wide-band amplifiers incorporate relatively 
low collector loads and have limited gain, r,, may be ignored by 
comparison with R, and the feedback current may be neglected. 
The equivalent circuit may then be reduced to that shown in 
Fig. 5.3], 
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Core 


b ‘oo’ ob Cc 
if -O 
Wc ii 
Z 
E on ts 9Mbre oh i 


Fic. 5.30. ioe circuit of Fig. 5.29. 


Cc 


r Cb b 
ca R, Iv 
e 


Fic. 5.31. Simplified equivalent circuit of Fig. 5.29. 


The overall voltage gain of the circuit is then obtained: 


VoeR 
Vins a? &m 1 
F( ryeljoC ye 
a _ &mRi Vyet 1/joC ye 
rre/JoC re 
Ry+ toy t+ 
Tee + A [joC oe) 
Therefore Ay a Vout = &mRir'yeljoC re 
= Cea pecan Weel 
bb’ b’e joCye joC ye 
BmRito'e 


(Rst+Poot+lee)+joCyelye(Rstros') 


At the 3 dB point the real and quadrature terms in the de- 
nominator are equal, 
(Rst+ low +Fore) 


ie. fsa = 2nCpyelye(Rst+ row) 
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The source resistance obviously has a considerable effect on the 
bandwidth. If a constant current source is used, R, is very high and 
the 3 dB point is given by 

1. 


3dB =a-a 
fos 2nC yeh b’e 


If a voltage source is used, R, is very low and 


faan = (reo + ere) 
20C y el'b’e bb’ 


Normally such stages are operated at low collector currents when 
ry is considerably less than r,,. The 3dB cut-off point is then 
given by 

1 


3d4B = ~-~ 
fas 20C yeF bb 


This frequency is usually much higher than when a constant 
current source is used. 

The above expressions also depend on the values of r,,, and C,,,. 
Although these are independent of frequency, they do, however, 
depend on the standing emitter current, i.e. r,-, is inversely pro- 
portional to the emitter current and C,,, is proportional to the 
emitter current. 

Taking some typical values; 


Rs = 50 Q, Toy = 50 Q, roe = 1 kQ, R, =1 kQ, 
lee = 20 kQ, 
2m == 30 mA/V, ree = 1 MQ. 
At low frequencies, ignoring the feedback resistance, 


_E 
~ 1100 
Vor = O-SIE, 

Vou =—30X#2XO0-91E =—26E, 


lin = 0-91 mA, 
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i.e. voltage gain, A, =~—26 times. 
The feedback current = BoC) 
= 0-027 mA. 


Thus the error in ignoring the feedback current is only about 
3%, which is probably less than the variation in parameter values 
in a particular group of transistors of the same type. A typical 
value of C,,, is 5000 pF, giving a bandwidth of 


gu 1100 
~ InX 5000 10722 103 102 


= 350 kHz. 


At this frequency C,,, would be about 10 pF, ive. its react- 
ance is about 45-5kQ. The current fed back is approximately 


26//(2 
26VO) Fe = OE mA compared with an input current of 
E ; . 
100 » L000xa9I 2 7JEmA. The error is only about 5%. 
1000 +7 91 


Another use of high-frequency equivalent circuits is to determine 
unilateralizing components. For the circuit shown in Fig. 5.32 an 
equivalent circuit as shown in Fig. 5.33 may be drawn. Using the 
values indicated y,, =0-01S, y,, = 0-001+j0-00314 S and 
Vy = 0-33X 1078 +7 31-4 10-8 S. Then, converting to a normal z 
as illustrated by Fig. 5.34, 


Vow'Yo'c ig ede a 
= _ = 787 X 10-5 4-7 26-4 1078 S. 
" Yo + Yore + Vo'e : 

At 500 kHz this is equivalent to 10,400+/ 3500Q, i.e. a resist- 
ance of 10-4 kQ in series with 9-1 pF. If the closely coupled trans- 
former has a turns ratio of +/(5): 1, the 180° phase shift transform- 
er enables unilateralizing components C, and R, of 45-5 pF and 
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me 


in 
at 500 kHz 


Fic. 5.34. Modified equivalent circuit of Fig. 5.32. 


2:08 kQ to be incorporated. Under these conditions the energy 
fed back externally exactly balances that fed back internally 
through the transistor. 
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Questions on Chapter 5 


Q.1. The hybrid parameters for a transistor used in the common-emitter 
configuration are: 


hi, = 15kQ, hy, = 10-4, hy = 70, hy, = 100 US. 


The transistor is fed from a source of 1 kQ resistance and the load resistor is 
also 1 kQ. 

Calculate (a) the input resistance, (b) the output resistance, (c) the voltage 
gain, and (d) the current gain. 

Q.2. Show that the image impedances of a transistor represented by the 
“h” equivalent circuit are given by: 


h, hh; 
ay V (ix) an ae Vie) 
where h = hohiy— hyhy. 


Q.3. Derive expressions for the common-emitter y parameters in terms of 
the common-base y parameters. 

Q.4, Explain what is meant by the y parameters of a transistor. The collector 
load of a unilateralized transistor, operating at 10 MHz, is a tuned circuit 
tightly coupled (i.e. unity coefficient of coupling) to a pure resistance of 500 Q. 
The y parameters of the transistor are 


Vie = (20+ 15) mS, Ve = 0-4 4 —100mS, 
Ye = 80 2 -70mS, yy, = (2+) 6) mS. 


Estimate the turns ratio of the transformer for maximum power transfer 
and the value of the unilateralizing components. 

Q.5. Derive expressions for the input and output impedance of common- 
base and common-collector circuits in terms of the T parameters and the source 
and load resistances. 

Q.6. The parameters of a transistor used as a grounded emitter a.f. amplifier 
are: 

n= 500, n= 5000, r=1MQ, «= 098. 


Determine from first principles the input and output resistances of the stage 
assuming a load resistance of 8 kQ and a generator resistance of 850 Q. 

Q.7. Explain quantitatively how the bandwidth of transistor in the common- 
emitter configuration depends on the source impedance. The hybrid-7 equiva- 
lent circuit may be assumed. 

Q.8. Show that if internal feedback is ignored the optimum value of the 
inductance to be inserted in series with the load resistance R, for maximum 
bandwidth is given by 
= Ri Cy lodle + Tou) 


L 
Ry + Poa +live 


CHAPTER 6 


Charge Control of Transistors 


A BASIC difference between bipolar transistors and vacuum valves 
or field effect transistors is the fact that they are current, instead 
of voltage, controlled. It is a small step to think of bipolar transis- 
tors as charge-controlled devices. This approach is useful when 
considering the switching performance of transistors. 


6.1. Charge Distribution in Bipolar Transistors 


To illustrate how the charge in a transistor, particularly in the 
base region, varies, this section will be concerned with a device, 
in the common-emitter connection, taken from an initial cut-off 
condition into saturation. 


6.1.1. The cut-off condition 


In this condition, both junctions of the transistor are reverse- 
biased, the only current flowing is the leakage current, and the 
base charge is negligible. 


6.1.2. Transistor at the onset of current 


Before current flows in a transistor the emitter junction must 
be forward-biased and base current must be supplied to charge the 
emitter-base depletion-layer capacitance and, incidentally, the 
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collector~base depletion-layer capacitance. The charges required are 
denoted by Q, and Q, respectively, where Q, is a function of the 
initial reverse bias on the emitter junction and Q¢, a function of 
the initial bias on the collector junction. The charge distribution 
in the base is then as shown in Fig. 6.1, and is due to majority 
carriers (i.e. electrons for an n-type base region). 


E B Cc 
Emitter Collector 
depletion depletion 

layer layer 


Fic. 6.1. Charge on depletion layers. 


6.1.3. Forward-biased transistor 


In this condition an emitter current flows and minority carriers 
diffuse across the base region (i.e. holes in a pnp and electrons in an 
npn transistor). This, of course, must be balanced by an influx of 
majority carriers to preserve charge neutrality. 

The current J flowing through the base follows the usual relation 
for a diffusion current, 

dN 


1.¢. I= De aye A, 


where D is the diffusion coefficient, ¢ is the charge on an electron, 
dN/dx is the charge concentration gradient, and A is the area. 
This current, due to minority carriers, indicates a minority charge 
distribution with a constant charge concentration gradient as indi- 
cated in Fig. 6.2. This statement has certain limitations, but is 
approximately true for abrupt junctions. At the collector junction 


CHARGE CONTROL OF TRANSISTORS 169 


the carriers are swept across the collector depletion layer. The 
collector current flowing through the load resistance reduces the 
collector base voltage and results in a narrower depletion layer. 
Additional base current will be required to compensate for the 
change in capacitance and charge stored. 


E B Cc 


Li 


Depletion 
regions 


Fic. 6.2. Charge distribution in a forward-biased transistor. 


The collector current increases linearly with base charge until 
the onset of saturation when the collector—base voltage is approxi- 
mately zero (in fact a slight reverse bias exists). The base charge 
in this limiting condition is denoted by Qp. 


6.1.4. Overdriven transistor 


If additional charge is injected into the base region such that 
it is taken into saturation, there can be no increase in collector 
current, and excess charge Q,, builds up in the base region. This 
charge builds up uniformly across the base as shown in Fig. 6.3. 
Under this condition both collector and emitter regions are for- 
ward-biased and both inject carriers into the base. 


Fic. 6.3. Charge distribution in a saturated transistor. 
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6.2. Charge Control Parameters 


6.2.1. Charge on depletion layers 


As stated previously, before a transistor can be switched on 
from an initial reverse-biased condition, a charge Q must be sup- 
plied to both emitter and collector depletion-layer capacitances. 
Consider a depletion-layer capacitance that varies with bias voltage 
as shown in Fig. 6.4. If the initial bias is V; falling to a final value 


Capacity ——~ 


Bias voltage ———- 


Fic. 6.4. Variation of capacitance of depletion layers. 
Vo, the charge supplied is given by 


Vy 
Q= Cadv. 
Ve 
In the case of an abrupt junction, C = KV~!?, 


Vy 
Therefore Q= KV -12 ay 
Ve 


= 2K[V12]) 
= 2K(/V1—-VV 2). 
Normally the collector depletion-layer capacitance is the more 


important, i.e. Op = 2K(./V,— VV,), and this is often stated by the 
manufacturer. 
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To be strictly correct, V¥; and V»_ should include the voltage 
normally associacted with an unbiased pn junction. 

Alternatively to a first approximation, the charge on the collector 
depletion-layer may be written 


Oc = MCC(V1—V2), 


where C¢ is the small-signal depletion-layer capacitance measured 
at the off collector voltage, and M is a factor between 1 and 2 
depending on the type of junction, alloy, or drift, and the magni- 
tude of the voltage change (Vi—V 2). 


6.2.2. Base charge in an unsaturated transistor 


When the transistor is operating under active conditions, i.e. 
in the time between current starting to flow and saturation, to a 
close approximation the ratio of base charge to the collector current 
is a constant. This obviously must have the dimensions of time 
and is measured and stated for the limiting condition just before 
the onset of saturation. This corresponds to a base charge Q, and a 
maximum collector current J((= hygI,, if leakage current is ig- 
nored). 

Then the collector or fundamental time constant T¢ is given by 


Tc = OalIc. 


The collector time constant may be related to the physical con- 
stants of the transistor. When the condition illustrated by Fig. 6.5 


Fic. 6.5. Evaluation of base charge. 
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is considered, the maximum minority carrier density at the edge 
of the emitter-base depletion layer is d and falls to zero over a 
distance equal to the base width W, 

dN_d 


i.e. —, 
dx w 


d in this context represents the hole density in a pnp and the elec- 
tron density in an npn transistor. 


Hence 
Oz = 4+wAed 


and Ic = De — A. 


Therefore 


4wAed 
De(djw)A 


w2 
2D° 

Ideally, once the minority carrier concentration gradient has 
been set up and charge neutrality maintained by the influx of major- 
ity carriers, the collector current should flow indefinitely. In 
practice, however, recombination takes place in the base region, 
and a base current must flow to compensate for this. The base 


current flowing is proportional to the stored charge, and the ratio —— 
again usually stated at the edge of saturation— is given by 


Oz 
T, = 
Bo I > 


where T;, is the base time constant—i.e. the minority carrier life- 
timein the base and Ip = I/hpy, where hg, is the large-signal current 
gain. 
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Hence, ignoring leakage current, 


T; = Qs _ hreQs 
= 'Ip—Ie 
= hreTc 
ee hrew? 
~ 2D ° 


6.2.3. Switch-on charge 


The switch-on charge (Q,,,) may be defined as the base charge 
required to bring the transistor from the initial off condition to the 
verge of saturation, 


i.e. Qon = Qe+Qct Qe. 
If, as is normally valid for an abrupt junction transistor, Q, 
may be ignored, 
Qon = IcTc+Qc. 


6.2.4. Charge in a saturated transistor 


Once a transistor is saturated and the collector current is at its 
maximum value, any increase in base current results in an increase 
Qzs in the stored base charge. This is limited in practice by recom- 
bination in the base region, the excess base current J, compensat- 
ing for the minority charge carriers required to maintain the excess 
charge Q,, at a constant value. The ratio of Qg, to Ips is the 
saturation time constant T,, giving the effective lifetime of the excess 
charge carriers in the base region. 


Hence 
_ Qzs 
Ts = Toe > 
I 
where [ne a 
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The total charge in the base is then given by 


Orotal a Qont Ops 
= [¢Tc¢+Qc+IasTs. 


6.2.5. Switch-off charge 


When an overdriven transistor has to be switched off, the total 
charge that must be extracted from the base is given by 


Oo = Qon+Qaes 
= [To +OctInsTs 


= [¢To+Qct (1. ae Ts. 
FE 

To give an idea of the magnitudes of the charges involved, 
consider a transistor operating from a 6 V supply through a 600 Q 
load resistance. The relevant time constant are typically 7. = 30 ns 
and T, = 800 ns, Az, is assumed to be 25, the base current 0-75 
mA, and the collector capacitance 10 pF at 6 V. Q, is assumed 
to be negligible. 

Cc = KV-14, 


Therefore K =CcV3? = 107" 4/6. 
Assuming the collector base voltage falls to zero, 


Qc = 2K[v(6)—0} 
= 12x10-"! 
= 120 pc. 


With the same assumption of Vc, = 0, 
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Therefore Qs = IcTe 
= 10X107°X30X10-° C 
= 300 pC. 
Therefore Qon = 300+ 120 
= 420 pc. 
Ic 


The excess base current Ips = Ip—7 
FE 


10 


= 0:35 mA. 


Therefore Ops = 0:35X 107? 8001079 C 
= 280 pc. 


Therefore Qor = 420+ 280 


6.3. Transient Parameters 


To illustrate the transient parameters involved when a transistor 
is switched from the off to the on position, consider a common- 
emitter pz transistor, initially cut off, receiving a pulse of current 
on the base sufficient to saturate the device. The configuration is 
shown in Fig. 6.6, and typical input and output current waveforms 
are illustrated in Fig. 6.7. 


Bias 


Fic. 6.6. Pulse amplifier. 
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t- 


on tort 


Fic. 6.7. Waveform for pulse amplifier. 


After receiving the pulse no output will be obtained until the 
depletion regions have been charged. This corresponds to supplying 
a charge Q,+ Qc by means of a current Ip, 


Or+Qc 


i.e. delay time tg = 7 
B 


In practical measurements there are no sharp corners in the 
output pulse, and ¢, is measured from the beginning of the input 
pulse to a decrease of 10% of the final (output pulse) amplitude. 

As the output pulse rises from zero towards a value of V¢¢/R_, 
the minority carrier density increases at a rate dg/dr as indicated 
in Fig. 6.8. This must be balanced by majority carriers flowing 


E B Cc 


N 


Fic. 6.8. Incremental base charge. 
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into the base. In addition, majority carriers must flow to compen- 
sate the recombination in the base region and to allow for the 
change in charge on the collector depletion layer. 

To a first approximation the latter may be ignored, giving at a 
particular value of base charge g 


B=. (6.3.1) 


As before, due to the output pulse being rounded off, specific 
reference points must be chosen. A practical value for the rise time 
is the time taken for the output pulse to rise from 10 to 90% of its 
final amplitude. This may be estimated by solving the differential 
equation (6.3.1). Taking Laplace transforms of eqn. (6.3.1), 

Ip _ qG ,- 
tr pe Yo- 
But g, = 0 when the output pulse starts to rise. Therefore 
Iz 1 


9=~; XBTUTol 


= -sEaiT) 


1 1 
ae ee en 
: (5 sera) 
Taking the inverse, 


q>= IsT3(1 —e"Ta), 


Hence the instantaneous collector current is given by 


= hpglp(1—e-"72). 
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This expression indicates an exponential rise of collector current 
that reaches a value i, in a time given by 


ic 
e~Ta — {| —_~— 
hreTp 
1 
or t = Tz log, 


[1—(ic/hrels)] © 


But ic rises to a maximum value of V.,/R,, and hence the time 
taken to rise from 0-1V¢,/R, to 0-9V¢¢/R;,, i.e. the rise time is 
given by 

1 1 


t= Tz log. [,_.09Vec\* log, FL 
( fa) ( hrelpRi 


1-( 01Vec 

hrelpRy 

(Ee) 
hrelpRz 


From the delay time and the rise time the total time required 
to switch the transistor on ¢,, may be estimated, 


or t, = Tz log, 


i.e. fon = lat t,. 


While the base current is maintained at the value J, (greater 
than I¢/hp,), the base charge builds up until limited by recombina- 
tion, but the output current remains at Ip = V¢c/Rz. 

After the input pulse falls to zero, there is a delay before the 
output current falls to zero. This delay is due to the time taken for 
the excess charge to recombine and is termed the storage time, 
denoted by ¢,. As before, some definite reference point must be 
chosen for practical measurements, and the storage time is meas- 
ured from the time the input pulse falls to zero and the time the 
output pulse falls to 90% of its maximum value. 
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During the storage time the base current is zero while the collec- 
tor current is initially constant at I(o(= V¢¢/R,) but finally falls to 
0-9V ¢¢/R. Consider, firstly the period when J, is constant and the 
excess base charge decreases to zero. The excess base charge decays 
at a rate (dq,,/dt) due to recombination of excess charge carriers 
(Gas/T,) and to recombination of the base charge required for satu- 
ration (Q,/T;) 


. _ Qs . das , 4s 
a ar a ay 
Vec Vcc Tp 
= eho T= 7 
But Qs = IcTo = Re Ry htrr 


Vi de 
ce, Ws 93s 


Therefore 0= Rhee T. dt 


Taking Laplace transforms, 


Vi q a 
0= ( ia ) [s+ SRE + sas —anse 


Rrhrr T; 
Vcc 
But at ¢ = 0, qaso = IssTs = Ia— Rp T;. 
thre 
x 1\ Voc Vee 
Therefore des(s+7-) = (to ee Ti ee 
Vec 1 
- IDs Beg {Tt 5} 
IsTs Vee T; 


5 Ms +C/TO  Rehre 8” 


Taking the inverse, 


Vccls 


= [pT,e7 Ts — : 
QBs BH sé Relive 
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Vee 
when = 0, e7ls = - 
ae Rrhrels 
or —— qT; log. Rehrele : 
Vee 


Once the excess base charge has recombined the base charge, QO, 
starts to fall. 
Then 
o = ae, Mn 
Tg at” 


Taking Laplace transforms, 


0 dB 


= Ty | 48 G80: 
But zo (the charge at t = 0) = Oz = Ris Tp. 
Therefore pe (ain) | [s+ (1/Ts)]. 
Taking the inverse, 
gz = ee tT 
and ig= te a EE oa 
When ic falls to nee 
t = Tz log, 3 
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The storage time ¢,, i.e. the time from the end of the input pulse 
to the time when the collector current falls to 90% of its maximum 
value, is then given by 
t, = 0:105T,+T; log. Rehesle | 

Voc 

The collector current will continue falling exponentially after 
the end of the measured storage time obeying the equation derived 
previously, 


. : Voc 
i.e. ig = eT, 


Ri 


The fall time ¢,, defined as the time for the output pulse to fall 
from 90% to 10% of its maximum amplitude is then given by 


1 1 
ty = Tp log. O17? log. 0-9 
_ 2:3T 3 —0:105T 3 
= 2:2T 3 ry 


This value does not include the change of charge on the collector 
depletion layer, but the error is small. 
Finally, the total turn-off time may be estimated from the relation 
lor = fst ff 


= 2:3T,+Ts log, Rihrely s 


Vec 


6.4. Effect of Base Current on Transient Parameters 


As shown in the previous section, if a common-emitter transistor 
is switched on by a current pulse, the rise time ¢, is given by 


m 0-Wec 
t, = Tez log. 
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The greater the base current, i.e. the more the transistor is driven 
into saturation, the lower will be the rise time. The limiting con- 
dition is when the transistor is just saturated, 


1.e. Ic = heels (ignoring leakage current) 
Vi 
or ee = hrely. 
Vee 
Theref ee 
erefore hieRil 


: 2 0-9 
Under this condition, 4, = Ts toes orf 
Also the storage time was given by 


t, = 0-105T, +T;, log, Riheels 

Vee 

The latter expression shows that the greater J, the greater is the 
storage time. Hence although faster rise times may be obtained 
by overdriving the transistor, this is at the expense of the storage 
time. In the limiting condition when the transistor is just saturated, 


Voc 


Ic = hrelp _ Ry,’ 


Vec . 


Then the storage time is at its minimum value of 0-105T,. 
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Questions on Chapter 6 


Q.1. A transistor in the common-emitter connection has the following par- 
ameters: 
Tg = 0:05 nS, T, = 1p, 


6 = 200pC, I, = 10mA, 
Ig =12mA, — hpp = 50. 


it 


Estimate the charge that has to be extracted from the base to turn the device 
off. 


Q.2. The d.c. supply to the base of a saturated common-emitter transistor 
is suddenly reduced from Jz, to Iz,, where Iz, is less than the base current 
required to saturate the transistor. Show that the time elapsing between the 
input current being reduced and the collector current falling is given by 

I3,—Tz 
t = Te log Poe. 
B E Ip- Ta, 


where J is the current required just to produce saturation. 


Q.3. A saturated common-emitter pup transistor delivers a collector current 
Io. The base current is suddenly changed from a value J, out of the base to a 
current Iz, into the base. Estimate the time before the collector current starts 
to fall. 


CHAPTER 7 


Integrated Circuits 


No MODERN book on electronics would be complete without re- 
ference to integrated circuits. Although obviously related to estab- 
lished semiconductor technology, they represent a major revolution 
in electronics that has, or soon will have, the effect of making 
much present equipment obsolete. The depth of the subject is 
such that the treatment here will be relatively brief. 


7.1. Types of Integrated Circuit 


The term integrated circuit has been used to cover thin film, 
thick film, monolithic, and hybrid circuits. Of these the monolithic 
type is the most popular and has considerable advantages over the 
other types, but hybrid circuits—combining thin films and mono- 
lithic circuits as well as discrete components—are also widely used. 

Monolithic circuits themselves have all the components and 
connecting leads manufactured on or near the surface of very small 
(0-06 by 0-06 in.) silicon blocks or dice. Thin film circuits have pas- 
sive Components manufactured by deposition or sputtering on a 
ceramic substrate with discrete active components mounted on 
top and connected by metalized interconnections. The thickness 
of thin film circuits is usually assumed to lie between 5A (1 A = 
10~§ cm) and | » (10-4 cm), while above this they are termed thick 
films. In this chapter attention will be focused on the monolithic 
type. 
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7.2. Integrated Circuit Production Processes 


Before considering the integrated circuits themselves, it is worth 
while discussing the manufacturing processes involved. A typical 
flow diagram for an integrated circuit is shown in Fig. 7.1, and this 
indicates the various processes required. 
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Fic. 7.1. Flow diagram of integrated circuit. 


7.2.1. Oxidization 


The importance of a silicon dioxide layer first became apparent 
with the manufacture of planar and epitaxial planar transistors 
where the very low leakage currents are a direct result of the junc- 
tions being formed under a silicon dioxide layer. During the manu- 
facture of integrated circuits, the surface is oxidized two or three 
times, and after selective etching provides a mask for the diffusion 
of impurity atoms or fabrication of connections. 

One method of oxidizing the surface of a silicon wafer is to 
pass oxygen over it at about 1200°C. The thickness of the oxidized 
layer depends on the time and the temperature, and is typically 
about 5000 A thick. A faster growth may be obtained by passing 
steam over the wafer, but even under these conditions a layer 
about 50 by 10~° in. thick takes about an hour to be formed. 


7.2.2. Photo-engraving 


In the previous section reference is made to the etching of the 
silicon dioxide layer on the surface of the silicon wafer. This is a 
photo-etching process and involves two distinct operations—the 
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preparation of the photographic mask and the etching of the silicon 
dioxide to cut the windows for the diffusion stages. 


(a) Mask production 


The final photographic mask comprises a large number of identi- 
cal elements, each one a reduced version of an original artwork 
or drawing. Due to limitations in photographic equipment, several 
stages of reduction are required, and a typical series of stages is 
preparation of artwork originals, photographing, step-by-step con- 
tact printing, and re-photographing. 

The usual method of preparing the original artwork is to cut 
out the required pattern in rubylith. This has a red top layer which 
when cut away reveals a white or clear mylar backing. This is suit- 
able for most purposes, but, if greater stability is required, gelatin, 
dyed orange, is removed from a glass surface. If a drawing is used 
as the original, care must be taken to choose a highly reflecting 
paper which is dimensionally stable and accepts ink without 
spreading. 

The pattern is then illuminated, and by conventional photography 
a negative, that gives a reduction of between ten and forty times, 
is obtained. Depending on whether a white or translucent backing 
is used, front or rear illumination is employed, the latter in practice 
giving a better edge definition. Exposure times are very critical 
since under-exposure may produce pinholes in the opaque areas 
while over-exposure may affect the degree of transparency in the 
clear areas. 

The next stage is to mount the negative very accurately and by a 
series of contact prints produce an array of images. This step-by- 
step process must obviously be precisely controlled. The final stage 
is to re-photograph these multiple images, again giving a reduction 
of between ten and forty times. The resulting mask would typically 
have 200 or more images on a circle of 14 in. diameter. 
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(b) Photo-etching 


With the photographic mask prepared, the processing of the 
slice may be started. Initially the surface of the slice is covered with 
a thin film of photo resist. This may be painted on, but a better 
method is to rotate the slice at about 8000 rev/min and drop some 
photo resist on the surface. Centrifugal force then spreads the light- 
sensitive emulsion evenly over the slice. 
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Fic. 7.2. Photo-etching. 
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After drying the photo resist in an oven, the photographic mask, 
previously prepared, is placed in the exact position required and 
the slice exposed to ultraviolet light. The opaque areas of the mask 
correspond to the areas to be etched away, and the subsequent 
action of the developer is such that it removes the photo resist in 
these areas. The other areas that have been polymerized are un- 
touched by the developer. 

The polymerized photo resist forms a coating that is resistant 
to hydrofluoric acid, and the use of this etchant enables the bare 
silicon dioxide to be etched away. The stages needed to open the 
windows are illustrated by Fig. 7.2. 


7.2.3. Diffusion 


In the preparation of integrated circuits there is always at least 
three diffusion stages. In fact the complete circuit may be produced 
in this manner, but it is usual to use a combination of epitaxial 
deposition and diffusion. The diffusion processes take place through 
the holes etched in the silicon dioxide, and the choice of diffusant 
must be such that it diffuses easily into the silicon itself but not 
through the dioxide. Boron and phosphorus are the usual impurities 
since gallium, for example, diffuses almost equally well through 
the oxide as the silicon itself. 

In general, plating or evaporation, tends to damage the surface, 
and hence impurities are normally carried to the wafer, which is 
held at an elevated temperature, in a gas stream, e.g. phosphorus 
pentoxide or boron tribromide in nitrogen. The time and concen- 
tration of impurities may be accurately controlled, and hence diffu- 
sion depths may be realized that are very close to the design values. 
The one exceptation to this is when gold is diffused, in which case 
the element is initially evaporated on to the surface. 
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7.2.4. Epitaxial deposition 


This process, originally revived for the manufacture of discrete 
transistors, finds wide use in the production of integrated circuits. 
Diffusion, by its very nature, leads to an exponential distribution 
of impurities, and it is common practice to grow an n-type epitaxial 
collector layer on a p-type substrate. Such a layer is an extension 
of the crystal structure of the substrate and hasa uniform distribu- 
tion of impurities. Typically its resistivity is about 0-5 Qcem com- 
pared with 10 Q cm for the p-type substrate. 

To reduce the possibility of surface imperfections extending 
into the epitaxial layer, the surface of the substrate is normally 
initially etched with gaseous hydrochloric acid. The epitaxial layer 
is then grown by deposition of atoms from a gaseous mixture that 
is passed over the substrate, the latter being heated to about 
1200°C. Typically, hydrogen and silicon tetrachloride deposits 
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Fic. 7.3. Epitaxial deposition. 


the intrinsic material with phosphine for additional n-type impu- 
rities. The process is illustrated by Fig. 7.3, and it is relatively easy 
to process ten slices, each with about 200 monolithic circuits, 
simultaneously. 
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7.2.5. Evaporation 


This process is normally used for the preparation of ohmic 
contacts and construction of interconnections in integrated circuits. 
Aluminium is the usual choice, but gold and nickel are also used. 
One difficulty is to avoid changing the nature of the semiconductor 
material, e.g. from 1 to p, by the addition of aluminium. 

The process is a vacuum one, and after removing the oxide over 
the required contact areas, aluminium rods are evaporated pro- 
ducing a thin film over the entire surface. By masking and photo- 
etching the undesired aluminium is removed to leave the required 
contacts and interconnections. 


7.3. Active Circuit Components 


In this section individual active components of integrated cir- 
cuits will be considered. Jt is perhaps unfair to consider individual 
components in isolation, since all components on a slice are manu- 
factured simultaneously, but later in the chapter the fabrication 
of a complete circuit will be discussed. It is no accident that active 
components are considered first since their number in any integrat- 
ed circuit is considerably in excess of passive ones. In fact circuit 
design is such that the number of passive components, particularly 
large values, is kept to a minimum. Conventional diodes and bi- 
polar transistors are the most important devices contructed, but 
other components such as field effect transistors are coming into 
increasing use. 


7.3.1. Diodes 


Due to the need for isolation between devices, in fact provided 
by reverse-biased pn junctions, pn-junction diodes in integrated 
circuits are actually three-layer devices as indicated by Fig. 7.4 (d). 
The stages in the construction are indicated by Fig. 7.4. 
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Figure 7.4 (a) shows the p-type substrate with a grown n-type 
epitaxial layer and a thin dioxide layer, while Fig. 7.4 (b) illustrates 
the die after windows have been etched and a p-type isolation 
diffusion performed; Fig. 7.4 (c) shows the diode structure after 
further etching and p-type diffusion. The final process is the alu- 
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Fic. 7.4. Fabrication of a diode in an integrated circuit. 


minium evaporation which completes the diode as illustrated by 
Fig. 7.4 (d). 

The need for three layers means that the equivalent circuit is 
more complex than that of a conventional diode, and one repre- 
sentation is shown in Fig. 7.5. In this, each diode has the usual 
limitations imposed by leakage conductance and junction capaci- 
tance, and these parameters should be very low. Design is, however, 
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complicated by the fact that a low junction area, required for low 
capacitance, will mean a higher series resistance. 

It is possible to fabricate other diodes, e.g. tunnel and backward 
diodes, on silicon dice, but these would probably require a separate 
diffusion stage due to the high impurity content of such diodes. 


A mJ K 
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Fic. 7.5. Equivalent circuit of a diode in an integrated circuit. 


The backward diode has not been mentioned previously in these 
volumes, and is one with a high impurity content—just less than 
that of a tunnel diode. Due to the very low reverse voltage break- 
down it exhibits better rectification properties in the reverse than 
the forward direction. 


7.3.2. Transistors 


Since a diode in an integrated circuit is effectively a three-layer 
device, it follows that a transistor becomes a four-layer device. 
The system in which the collector is epitaxially grown is the most 
popular, but diffused collector and triple diffusion methods are 
used. As indicated by the following subsections, npn devices are 
much more popular than pnp ones. 


(a) Diffused collector transistors 


Figure 7.6 illustrates the construction of a diffused collector 
transistor in an integrated circuit; Fig. 7.6 (a) shows the substrate 
after oxidization, etching of windows, and n-type diffusion. Figure 
7.6 (b) shows a Cross-section after the base diffusion and Fig. 7.6 (c) 
the result of a third (emitter) diffusion. Figure 7.6 (d) shows the 
complete device with aluminium contacts and connecting leads. 
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Fic. 7.6. Fabrication of a diffused-collector transistor. 
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Fic. 7.7. Fabrication of a triple-diffused transistor. 
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(b) Triple-diffused transistors 


When this type of transistor is incorporated in an integrated 
circuit, the original substrate is n-type and initially p-type impuri- 
ties are diffused into both sides of the slice. On one side impurities 
are diffused into the whole slice to change it to a p-type substrate, 
while a mask on the other side enables an isolated n-type region to 
be fabricated as shown in Fig. 7.7. The n region has a uniform 
distribution of impurities, and further p- and n-type diffusing, as in 
the previous subsection, enable the complete transistor to be fabri- 
cated. 


(c) Epitaxial grown and diffused transistor 


The collector for this type of transistor is an n-type epitaxial- 
grown layer on a p-type substrate. This stage is shown in Fig. 
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Fic. 7.8. Fabrication of an epitaxial transistor. 
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7.8 (a), while Fig. 7.8 (b) indicates the result of a p-type isolating 
diffusion. Further diffusions of p (base) and n (emitter) impurities 
and evaporation of contacts give rise to the structure illustrated 
by Fig. 7.8 (c). When the emitter is fabricated, the opportunity is 
often taken to diffuse extra n-type impurity into that region of the 
collector where the contact is made. 


(d) Buried-n layer 


In each of the three layers fabricated on the substrate, the added 
impurities must overcome that already present before changing 
the nature of the semiconductor. Apart from limiting the maximum 
number of diffusion stages to three, this means that the total 
impurity (donor and acceptor) increases from collector to emitter. 
Since the total impurity affects the mobility and hence the electrical 
characteristics, the doping of the collector itself must perforce be 
low. This fact, combined with the very small dimensions involved, 
gives rise to a high collector resistance. Its effect is often counter- 
acted by a diffused low-resistivity layer known as a buried-n layer as 
shown in Fig. 7.9. The lines of current flow indicate the improve- 
ment possible by this method. 
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Fic. 7.9. The buried-7 layer. 


(e) Comparison of transistors made by different methods 


Of the three types of transistor used in integrated circuits, the 
one fabricated using an epitaxial layer for the collector is the 
most popular. The difference arises from the different methods 
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of construction used for the collector since these affect the concen- 
tration gradients and spread of impurities. 

In the diffused-collector method the very nature of the diffusion 
process means that the greatest concentration of impurities is near 
the base-collector junction. This gives rise to a relatively high 
collector capacitance and low collector—base breakdown voltage. 
These difficulties do not arise with pnp devices if the substrate is 
used as the collector. 

Since relatively long diffusion times are necessary to fabricate 
a triple-diffused transistor, the impurities will diffuse a relatively 
long distance under the oxide. This considerably reduces the useful 
area of the n-type structures, and the component density using this 
form of construction is much less than the other types. 

The disadvantage of the above methods is largely overcome 
by using an epitaxial layer for the collector, and this type permits 
low collector capacitances with reasonable breakdown voltages 
to be achieved with high component densities. 


(f) Equivalent circuit of transistor in an integrated circuit 


As in the case of the diode, the isolating pn junction complicates 
the equivalent circuit of a transistor in an integrated circuit. It may 
be represented by Fig. 7.10, the diode representing the isolating 
junction. The capacitance of this diode does in fact limit the tran- 
sient response of the transistor. 
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Fic. 7.10. Equivalent circuit of a transistor in an integrated circuit. - 
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7.3.3. Field effect transistors 


The construction of junction FETs follows a very similar pattern 
to junction bipolar transistors. If a p-channel device is considered, 
the stages in construction are the growth of an n-type epitaxial 
layer, p-type isolating diffusion, p-type channel diffusion, n-type 
gate diffusion, and, finally, evaporating of contacts. The complete 
device is shown in Fig. 7.11. 
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Fic. 7.11. Junction field effect transistor. 


The insulated-gate FET promises much for the future and has 
the advantage that the number of separate stages required is 
reduced. If an n-channel enhancement type is considered, the 
stages are diffusion of n-type drain and source regions into a p-type 
substrate, oxidization, and evaporation of gate electrode and source 
and drain contacts. The complete device is illustrated by Fig. 7.12, 
and although it has a slower response than a bipolar transistor, 
it occupies about one-tenth of the area. 
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Fic. 7.12. MOST in an integrated circuit. 
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7.4. Passive Integrated Circuit Components 


Passive components in integrated circuits include conductors, 
diffused and thin film resistors, and junction and thin film capaci- 
tors. As stated previously, the number of these is kept to a mini- 
mum, and in many cases active devices now perform the role 
previously performed by passive ones. 


7.4.1. Conductors 


Although interconnections are in general evaporated on the 
surface of the die, it is necessary in some instances to have cross- 
overs. In such cases conductors must be fabricated in the silicon die 
itself. After oxidization, photo-etching, and n-type diffusion to 
produce the conductor, further oxidization, evaporation, and 
photo-etching enables a crossover to be constructed as indicated 
in Fig. 7.13. 


Aluminium 
crossover 


Aluminium conductor 


NVLLLLLLLL SMELL LMM LLL Oxide 


p substrate 


Fic. 7.13. Crossover in an integrated circuit. 


7.4.2. Diffusion resistors 


The construction of a diffused resistor is illustrated by Fig. 7.14. 
As in the case of conductors, initial n-type epitaxial-layer deposition 
and isolating diffusion are followed by p-type diffusion of the actual 
resistor and evaporation of contacts. In practice these stages occur 
at the same time as other devices are being fabricated. 
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Fic. 7.14. Diffused resistor. 
The resistance R of any resistor is given by the formula 


1 
R = 0 A ; 
where ¢ is the resistivity, / is the length, and A is the area. 


—— 
ne 


Fic. 7.15, Ohms per square. 


If the length is made equal to the width as shown in Fig. 7.15, 
the area A = dd. 
Therefore 


= 
R=7. 


Hence for a given value of d the resistance R of a square of 
material is independent of the length of the sides. The resistance 
may then be quoted in ohms per square. This is the notation used 
in integrated circuits, and, typically, values of 100-200 Q per square 
are obtained with regions 10~¢ in. thick. 

The design of resistors in integrated circuits is based on the 
idea of a square, or rather a number of squares. One that is com- 
prised of ten squares in line, i.e. its length being ten times its width, 
has a resistance of between 1000 and 2000 ©. In practice a compro- 
mise must be reached between the area required and the accuracy 
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of the photo-engraving process. This normally limits the maximum 
value of diffused resistors to about 25 kQ. 

Due to the presence of the isolation diffusion, the equivalent 
circuit of a diffused resistor is relatively complex, and one represen- 
tation is shown in Fig. 7.16. At high frequencies the capacitance 
of the diodes may have deleterious results. 


earn 


Fic. 7.16. Equivalent circuit of a diffused resistor in an integrated circuit. 


7.4.3. Thin film resistors 


The disadvantages of diffused resistors include their limited 
value, high temperature coefficient of resistance, susceptibility to 
radiation, and the fact that they cannot be adjusted individually. 
The last difficulty is, however, not as much trouble as might be 
anticipated since the tolerance between resistors deposited, at the 
same time, is probably better than 5%. The other disadvantages 
may be overcome by using thin film resistors. 

Thin film resistors are usually produced by depositing nichrome 
or tantalum on top of the silicon dioxide. Tantalum has the advan- 
tage that it is a single element and not an alloy, and hence there 
is no danger of composition changes during fabrication. The 
method of deposition itself, may be either plating, evaporation, 


Thin film resistor 
Interconnection 
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Fic. 7.17. Thin film resistor. 


INTEGRATED CIRCUITS 201 


or sputtering. The last mentioned is simplest since lower tempera- 
tures are involved. A typical thin film resistor incorporated in a 
hybrid circuit is shown in Fig. 7.17. 


7.4.4. Active resistors 


The obvious choice, using bipolar transistors, for a high-imped- 
ance resistor is a bootstrap circuit as shown in Fig. 7.18. Due to 
feedback, the apparent input resistance is very high and the bias 
circuit is such that the reduction due to the d.c. base feed, occurring 
in conventional common-collector circuits, is nullified. 


Fic. 7.18. Bootstrap circuit. 


7.4.5, Diffused capacitors 


This circuit clement is provided by the capacitance of a pn 
junction and, as with diffused resistors, there is an upper limit 
to the component value that may be reasonably achieved. The 
construction follows the same pattern as diodes, but the impurity 
gradient, and hence the value of the capacitance per unit area, may 


\WSLLEELEL). Cow, rare ULUMIEED, 


Fic. 7.19. Diffused capacitor. 
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be increased by using a buried-n layer. An area of 0-001 in? corre- 
sponds to about 2-5 pF, and capacitances of 1000 pF may be 
achieved, although normally it is limited to 300 or 400 pF. 

The capacitor is illustrated by Fig. 7.19, while Fig. 7.20 illustrates 
an equivalent circuit. The shunt resistance is that of the reverse- 
biased diode, and its value is such that the effective Q factor is only 
about 10. 


Substrate 


Fic. 7.20. Equivalent circuit of a diffused capacitor in an integrated 
circuit, 


7.4.6. Metal oxide capacitors 


Due to the low Q factor previously mentioned, the use of junction 
capacitors is somewhat restricted. A better capacitor may be 
produced by using the silicon dioxide as a dielectric as indicated 
in Fig. 7.21. The Q factor of this type is about ten times that of the 
junction capacitor, and better tolerances are obtainable. 


OL MLL OE 


Pp substrate 


Fic. 7.21. Metal oxide capacitor. 


7.4.7. Active circuit substitutes for capacitors 


As mentioned previously, the design of integrated circuits is such 
that the number of passive components is kept to a minimum. 
Emitter-decoupling capacitors are not generally used since the loss 
of gain, due to omitting it, may easily be obtained by adding an 
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extra stage. The resulting negative feedback gives advantageous 
results, and the circuit—known as a Darlington pair—is illustrated 
by Fig. 7.22. 


mo: . 


Fic. 7.22. Darlington pair. Fic. 7.23. Long-tail pair. 


Coupling capacitors are also largely eliminated from integrated 
circuits by using long-tail pair configurations as illustrated by 
Fig. 7.23. In this case a balanced output is obtained from the two 
collectors. 


7.4.8. Active circuit substitutes for inductors 


Inductors themselves are not fabricated in integrated circuits, 
but several substitutes for inductance may be used. The action of 
a high-frequency choke, for instance, may be simulated by a field 
effect transistor (FET). Typical characteristics, as shown in Fig. 
7.24, show a relatively low d.c. resistance but a very high a.c. 
resistance, while Fig. 7.25 indicates how this may.be incorporated 
in an integrated circuit. 


mA ———-—-—aa= _-01 mA 


_10V 
d.c. resistance =7 5, = 5kQ 


_10V 
a.c. resistance = 57 100kQ 


Fic. 7.24. Characteristics of a FET. 
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Fic. 7.25. Use of FET asa high Fic. 7.26. Reactance FET circuit. 
impedance choke. 


For tuning purposes RC networks may often be used instead 
of LC circuits, but if an inductance is essential a variation of the 
reactance valve circuit may be used. Figure 7.26 shows such a 
circuit using a FET that takes a lagging current. The FET may be 
represented by a constant current generator as shown in Fig. 7.27, 


r 


Fic. 7.27. Equivalent circuit of Fig. 7.26. 


and to a close approximation an alternating voltage V applied 
between drain and source gives rise to a current g,,V,,, where 
v= 1fjaCc = V 
8" R+([joC)” ~ 14+jaCR’ 


Hence the impedance between drain and source 


Z,, wx V _ 1+joCR 
as BV (A+jaCR) ~ 8m 
1 wCR 
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This represents a resistance of 1/g,, in series with an inductance 
of CR/g,. 


7.5. Realization of an Integrated Circuit 


Previously in this chapter the processes involved and the details 
of individual components have been considered. Although neces- 
sary, this tends to give an incomplete picture since the whole point 
of integrated circuit production is the simultaneous fabrication of a 
large number of components. In this section an indication of the 
complete manufacturing process will be given. 

The designer of integrated circuits must think initially in terms 
of circuit functions and how they may be realized. This is a different 
approach from that of discrete circuit design where initial thoughts 
are usually in terms of device characteristics and how they may 
be utilized. The restrictions on circuit elements have already been 
indicated, and they are that passive components are kept to a 
minimum, inductances are not used, and the number of active 
devices is relatively unimportant. 

To illustrate the manufacturing processes involved, consider the 
part of a circuit shown in Fig. 7.28. This is not necessarily any 
particular circuit but is more a collection of components. 


—t 


Fic. 7.28. Part of typical integrated circuit. 


The first stage in the fabrication of the integrated circuit is the 
production of the p-type silicon slice. Initially the crystal must be 
grown, and this follows the well-established pattern for discrete 
devices. Chemical and metallurgical methods reduce the impurities 
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to a low level, and subsequent zone-refining results in an impurity 
level of better than 1 part in 10". In the latter a long ingot of 
semiconductor material is drawn through a series of radio-fre- 
quency coils so that a molten zone travels along the ingot. The impu- 
rities travel with the molton zone to the end of the ingot, leaving 
the majority of the ingot free of impurity. This pure semiconductor 
material is then melted with a known amount of impurity, and a 
single crystal drawn from the melt. The resulting crystal would be 
about 6-8 in. long and 1 in. in diameter. It is then sliced and 
polished to a smooth finish. The slice about 0-005 in. thick is then 
ready for the next stage in the fabrication of the integrated circuit. 

At the same time as—or before—the production of the slice, 
the photographic masks would be prepared. Assuming the final 
structure as shown in Fig. 7.33 (p. 208), this would include masks 
for: 


(a) The buried-n layer. 

(b) p-Type isolating diffusion. 

(c) p-Type capacitor region, p-type resistor, and p-type base 
region. 

(d) n-Type capacitor region and a-type emitter regions. 

(e) Aluminium connections. 


The first diffusion stage is that required to produce the buried-n 
layer. After oxidization of the p-type slice, the first mask is used 
to cut windows and an n-type diffusion of antimony or arsenic 
atoms performed. These are relatively slow diffusers, since during 
subsequent operations there is a further spread of impurities. 
The part of the die considered is represented by Fig. 7.29 at this 
stage. Due to the high impurity content, this layer is designated n+. 


LLL ddd MMM CLL CLL ky Oxide 


Fic. 7.29. Fabrication of Fig. 7.28—stage 1. 
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Removal of the oxide followed by epitaxial deposition of an 
n-type layer is the next stage, and this continues until the layer 
is about 0-0005 in. thick. Allowing for lateral as well as vertical 
spreading of the isolating diffusion, this thickness enables an 
optimum component density to be achieved. After reoxidization, 
the part of the slice is now as shown in Fig. 7.30. 


Fic. 7.30. Fabrication of Fig. 7.28—stage 2. 


After covering with photo resist, the second mask is now placed 
exactly over the slice containing, perhaps, 200 separate circuits. 
Exposure and development follow to enable windows for the 
isolating diffusion to be etched in the oxide. Boron would probably 
be used for this subsequent diffusion, giving a structure after 
reoxidization as indicated in Fig. 7.31. 


prt LLL ORT B AG LLL LLL TID Li hc LL AL DTI LL LLL hI 


Fic. 7.31. Fabrication of Fig. 7.28—stage 3. 


A similar series of photo-engraving stages and boron diffusions 
would enable the p-type region of the junction capacitor and dif- 
fused resistor and the base regions of the transistors to be fabricated. 
This is followed by photo-engraving and diffusion of the n-type 
region of the capacitor and the n-type emitter. Phosphorus, which 
is a more rapid diffuser than arsenic, would be used for these 
diffusions. The part of the slice being considered would, after 
oxidization, be as indicated in Fig. 7.32. 
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Fic. 7.32. Fabrication of Fig. 7.28—stage 4. 


The diffusion stages would be finished at this time, but a further 
photo-engraving process is required to open up windows in the 
oxide to allow contacts to be made to the devices. Vacuum depo- 
sition of aluminium over the entire surface and a final photo- 
etching process to remove the unwanted aluminium would complete 
the fabrication of the slice itself, at this stage comprising, perhaps, 
200 untested circuits. The part previously considered is shown in 
Fig. 7.33 and from this stage the more expensive processing of the 
individual dice would be required. As an indication of the dimen- 
sions involved, the separation of elements is about 0-0005 in. and 
the thickness of the p-type resistor is about 0-0001 in. Its width is 
of the same order. 


Cr 
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Note: collector leads not shown 


Fic. 7.33. Realization of Fig. 7.28. 


There remains the problem of testing and separation of the indi- 
vidual dice. Initial testing using multi-electrode probes are made 
on the complete slice, and the faulty dice are marked with ink. 
Diamond scribing and separation follows, and the faulty circuits are 
discarded. 

The dice, about 0-06 in. square, would then be bonded onto 
the gold-plated encapsulation. A simple procedure for this is to 
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raise the temperature of the die and encapsulation to about 380°C 
when a gold-silicon eutectic is formed between the slice and the 
encapsulation. On cooling, the eutectic solidifies and the die is 
held firmly in place. The encapsulation itself is usually one of two 
forms, TOS can or flat pack, and are illustrated with the fine- 
wire (usually 0-001 in. diameter aluminium) connections by Fig. 


Sp ee 


Glass to 
metal seal 
Header 
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Fic. 7.34. Encapsulation of an integrated circuit. 


7.34 (a) and (b). The final production stage is to seal the unit, 
resistance welding for the TOS can or soldering for the flat pack 
and, after final test as a complete unit, it is ready for use. 


Questions on Chapter 7 


Q.1. Describe the manufecturing processes involved in the production 
of integrated circuits. Explain how these are used in the fabrication of one 
epitaxial transistor in a complete circuit. 


Q.2. Discuss and compare the different methods available for the fabrication 
of bipolar transistors in integrated circuits. 


Q.3. Outline the different types of passive component, or their equivalents, 
used in integrated circuits. 


CHAPTER 8 


Noise 


IN THE early days of the thermionic triode it was realized that 
amplification would be limited by noise. In this chapter the various 
sources of noise will be outlined and their influence on amplifier 
performance considered. 


8.1. Thermal Noise 


This form of noise is associated with the flow of current through 
a resistance. Such a current is due to the drift of a large number 
of electron charge carriers which at any instant are not evenly 
distributed throughout the resistor and give rise to minute varia- 
tions in potential between the terminations. Over a long period 
these variations will add up to zero, but, as far as the a.c. output 
is concerned, represent a noise voltage. 

Thermal noise is not frequency dependent and is limited only by 
the system considered. It is, in fact, proportional to the noise 
bandwidth 6f which, in general, is slightly different from the signal 
bandwidth. Since it is thermal in origin (i.e. dependent on the 
agitation of individual molecules), it is also proportional to the 
absolute temperature 7, and the noise power developed in a resistor 
P,, is given by 

P, = kTéf watts. 

The constant k in this equation is, in fact, Boltzmann’s constant, 

ie. 1-38 107% J/K. 
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This is the noise power the resistor can deliver to a matched 
load. Under such conditions the noise current flowing J, is given by 


EER = kT 6f. 


But due to the matching resistor the noise voltage generated in 
the resistor E, is given by 


E, = 1,2R. 
H Fa R= KTS 
ence (xe) R= if 
or E2 = AkTR Of. 


This well-known relation gives the noise voltage generated in a 
resistor, and is valid up to about 10,000 MHz when quantum 
effects have to be taken into account. 

Thermal noise is also known as Johnson, resistance, or funda- 
mental noise, and is of major importance in the first stage of an 
amplifier. In valve circuits the critical resistance is the grid leak. 
Field effect transistor circuits have two main sources of thermal 
noise—the resistance associated with the first gate and the resist- 
ance of the conducting channel itself. For bipolar transistors, 
their lower circuit impedances tend to make the base resistance 
of the first transistor itself the main source of thermal noise. 

It has already been stated that the noise bandwidth is normally 
slightly different from the signal bandwidth. When a circuit has a 
rectangular response as indicated in Fig. 8.1, the signal and noise 
bandwidths are identical, but a response curve as shown in Fig. 


Voltage gain 


f 


Fic. 8.1. Response curve for identical signal and noise bandwidth. 
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Voltage gain——»~ 


Fia. 8.2. General response curve. 


8.2 leads to a slightly larger noise bandwidth. In the latter case, 
to include all the noise contributions the noise bandwidth must be 


defined as 
_ (~ PGs af 
w =i PGnax’ 


where PG; is the power gain over a narrow band df and PG,,,, is the 
maximum power gain, 


°° VG? df 
or of = [ sited Be 
0 ViGriae 


where VG; is the voltage gain over a narrow band df and VG,,,, is 
the maximum voltage gain. 

For many calculations, however, the difference between the two 
bandwidths may be ignored and the signal bandwidth is sufficiently 
accurate. 

Norton’s theorem enables the noise-voltage generator to be 
replaced by a noise-current generator. This is sometimes a useful 
conversion and is shown diagrammatically in Fig. 8.3, the voltage 
generator +/(4kTR Of) in series with a resistance R being converted 
into a current generator »/(4kTG 6f) in parallel with a conductance 
G, where G = 1/R. 

The noise generated in a resistor is purely random, and when 
two resistors are connected in series there is no correlation between 
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E,=¥ (4k TR8f) { I, =4(4k TGS) 


Fic. 8.3. Voltage- and current-noise generators. 


the noise generated by each resistor. This means that the noise- 
generated by one is unlikely to peak at the same time as that gener- 
ated by the other (or the reverse to occur that the noise developed 
by one cancels that due to the other). 

For two resistors R; and Re in series, 


ER = 4kT(Rit+ Ro) Of 
= ARTR, Of +4kTR, Of 
= Ej, +En- 


This equation shows that the squares of the noise voltages due 
to the individual resistors must be added and not the noise voltages 
themselves. This, in fact, is general for all random (uncorrelated) 
noise voltages. 

When reactive circuits are considered, the value of R in the 
expression E? = 4kTR 6f is the real part of the impedance at the 
centre frequency. This may be illustrated by the tuned circuit shown 
in Fig. 8.4. The circuit itself may be assumed to be connected 
across the input of an amplifier. 


L 
R c Vv 
E,=4(4kTR3t)C) 4 


Fic. 8.4. Noise voltage developed by tuned circuit. 
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The resistance will generate a noise voltage and at the centre 
frequency the noise voltage across the capacitor V,, is given by 


_ VGKETR df) 1 


Vn R WoC 
= /( a of c) since w= ie 
“yee 
= V(4kTRp Of), 


where Rp, = L/CR is the dynamic impedance of the tuned circuit. 


8.2. Shot Noise 


Shot noise occurs when there is a random movement of charge 
carriers in and out of a region, normally depleted of charge carriers. 
The minute variations represent a noise current which depends on 
the mean d.c. current J flowing and, as in the case of thermal noise, 
on the noise bandwidth df. It may be shown by assuming a Gaussian 
distribution of velocities that such a noise current is given by 


I? = 2Ie of, where ¢ is the charge on an electron. 


In valves, shot noise has the greatest effect in temperature-limited 
devices. Shot noise in temperature-limited diodes may be used, 
as shown later in this chapter, as the basis of a method of measuring 
the noise factor of amplifiers. When a space charge is present, 
some of the noise fluctuations are smoothed out, and under such 
conditions the noise current is given by 7, = F +/(2Ie 6f), where F is 
a factor of 1 for temperature-limited conditions but decreases as 
the space charge becomes more effective. 

In bipolar transistors shot noise is generated in the depletion 
layers, its value being given by J, = +/(2J,e df) in the emitter—base 
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diode and I, = +/(2Ice of) or /(2Ig | hy, | e 6f) in the collector—base 
diode. Shot noise is usually negligible in FETs, the only source 
being due to the gate leakage current, ie. J, = +/(2I,e 6f), where 
the gate current J, is very small. 


8.3. Flicker Noise (1/f Noise) 


This form of noise occurs in both valves and transistors and, 
as its name implies, is only important at relatively low frequencies. 

In most valve applications, flicker effect is negligible since it is 
small compared with shot noise. For tungsten cathodes for instance, 
it is only important below 100 Hz. It is caused by irregularities in 
cathode emission due to charges on the surface arising from diffu- 
sion or ion bombardment. 

In bipolar transistors the main source of 1/f nvise is crystal 
imperfections normally at the surface. Carriers diffuse in and out 
of traps or recombination centres giving rise to a noise current 
that rapidly increases at lower frequencies. This type of noise 
predominated in the first transistors produced, and even now 1/f 
noise is an important consideration in the choice of transistors 
for a particular application. High-frequency devices have a greater 
1/f noise component than those which cut off at lower frequencies, 
and in general, for a high-gain amplifier it is not advisable to choose 
a transistor with a cut-off frequency much greater than that re- 
quired. 

Field-effect transistors have traps and recombination centres in 
the same way as bipolar transistors. Flicker noise is, hence, a source 
of noise in the FET and, as in the previous case, predominates at 
very low frequencies. 


8.4. Other Noise Sources 


The three types of noise already mentioned are the most impor- 
tant in electronic circuits, but other, normally minor, forms of 
noise become important under certain conditions. 
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In vacuum devices, perfect vacuums are not attainable, and there 
are always some residual gas atoms left after evacuation. The 
movement of ions formed from these atoms partly neutralizes the 
space charge and causes minute variations in anode current, i.e. 
ion noise. Also at very high frequencies a fluctuation in grid current 
is induced by the passage of electrons. This in turn modulates the 
electron beam giving rise to induced grid noise. 

Multi-grid valves have two further forms of noise inherent in 
their operation. One is partition noise due to variations in the 
division of current between positively biased electrodes, and the 
other is secondary emission noise due to variations in secondary 
emission from positively biased electrodes. The latter is particularly 
important in photo multipliers. 

Although they are forms of shot and/or thermal noise, other 
terms have been used to describe the noise in transistors. These 
are generation noise due to fluctuations in the generation of carriers 
(which is really shot noise), diffusion noise due to fluctuations in 
diffusion rates (which is really thermal noise), and modulation 
noise due to surface field effects. 

In addition to noise sources inherent in devices, other forms 
can arise due to bad design and layout. These include microphony, 
poor contacts, hum due to electrostatic or electromagnetic coupling 
or ripple on the supply, and radiation or mains-borne noise. 


8.5. Noise in Devices 


In this section the noise in different electronic devices will be 
examined and, in the case of the diode, the effect of the diode load 
considered. 


8.5.1. Noise in thermionic diodes 


In a temperature-limited diode the shot noise is, as already stated, 
given by J, = +/(2/e 6f). When, however, the diode load is added 
as shown in Fig. 8.5, the thermal noise generated in the resistor 
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Fic. 8.5. Noise output of diode and load resistor. 


R must be allowed for. 
Then 
V2 = 4kTR 6f+2le ofR” 
or Vn = V[2R Of (2kT+ IeR)}. 
Under space-charge conditions, besides introducing a factor 


F in the expression for shot noise, the r, of the valve must be 
allowed for. The noise equivalent circuit for such a combination is 


1, =Fd(2Le3f) \ 
E,W (4KTRS#) 


Fic. 8.6. Noise output of space-charge limited diode. 


then as shown in Fig. 8.6. Hence, using the superposition theorem, 


2 yf tTaR \?  12ef ta \? 
One BFR) +8 tR) 


2 r,R \? r, \? 
= 2F%fe (TR) +4KTR x, i z) 


Yq 


r, 2 
2. a 2 
2( tR) (F*1eR+2KkT) Rf 


or ae ee n) VIF 1eR+2KT)R Of]. 
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8.5.2. Noise in triodes 


The major source of noise in triode valves is shot noise due to 
variations in cathode emission. This is often referred to the grid 
where the effect of shot noise is equated to the thermal noise which 
would be produced by an imaginary resistor connected in series 
with the grid. This imaginary resistor is known as the equivalent 
grid resistor R,. Such a resistor gives rise to a fluctuating anode 
current of g,, \/(4kTR,, 6f) and equating this to F »/(2/e df), 


8m V(AKTR, Of) = F/(2Ie of) 
FJe 
or Rn = “OKT 22,” 
An approximation often used is R,z = ca Q. 
m 


8.5.3. Noise in tetrodes and pentodes 


As in the case of triode valves, shot noise is the major form of 
noise in multi-grid valves, but some addition to the equivalent 
grid resistance is required to allow for partition noise. The approx- 
imation for the equivalent grid resistance is often given by 


Ih (— 201s 
n= + ) 
IgtIs\8m gin 


where J, and Js are the d.c. values of anode and screen current 
respectively. 


8.5.4. Noise in bipolar transistors 


As has already been stated, over the normal range of operation 
the main sources of noise in transistors are shot noise in the emitter— 
base and collector—base depletion layers and thermal noise in the 
base spreading resistance. This is most conveniently shown by 
means of the “T” equivalent circuit. Such a circuit, including noise 


NOISE 219 


generators, is shown in Fig. 8.7, and is normally valid from about 
1 kHz, i.e. above the range in which 1/f noise is appreciable, to the 
common-base («) cut-off frequency. 


Enna (4kTR Bf) BVe i 


"bb! 


Kia. 8.7. Noise equivalent circuit of bipolar transistor. 


The complete noise-frequency relation is shown in Fig. 8.8, 
and includes the low-frequency 1/f noise and the high-frequency 
frequency-dependent shot noise. 


Frequency-dependent 
shot noise 


Shot and 
thermal noise 


Noise output 


f{ —_ 


Fic. 8.8. Noise-frequency distribution of bipolar transistor. 


8.5.5, Noise in the FET 


These are inherently much lower noise devices than bipolar 
transistors, and although there is a small shot noise due to the 
gate current, normally the only appreciable noise generated is the 
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thermal noise developed in the channel itself. An expression given 
for this is 4kT 6f/g,,, where g,, is the mutual conductance, and 
indicates that a FET should be operated at the highest possible 
value of g,,. which in turn implies a high drain current. Inciden- 
tally, 1/f noise in field-effect devices may be regarded as a form of 
thermal noise that increases rapidly at very low frequencies. 


8.6. Noise in Complete Amplifiers 
(i.e. Black-box Representation) 


Noisy amplifiers may be represented by noiseless amplifiers with 
noise source(s) connected across the input terminals. It is common 
practice to use different models for valve and transistor amplifiers, 
even though the valve model may be regarded as a simplification 
of the transistor model. 


8.6.1. Equivalent noise source for a valve amplifier 


The idea of an equivalent noise resistor has already been intro- 
duced in section 8.5.2 and may be extended to a complete valve 
amplifier. If, for the amplifier shown in Fig. 8.9, the output noise, 


Vaive 


op True r.m.s. 
amplifier 


indicator 


Fic. 8.9. Measurement of equivalent noise resistance. 


measured by a true r.m.s. instrument, is plotted for different values 
of resistance R, the relation will be as shown in Fig. 8.10. This 
shows the output noise power being due to thermal noise power 
generated in the resistor R plus internal noise power generated 
within the amplifier. The internal noise, as shown by the intercept 
on the vertical axis (i.e. corresponding to R = 0), is known as the 
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\ 
J 


[ees or internal 


Noise power—— 


Thermal noise power 


noise power 


a 


Fic. 8.10. Determination of equivalent noise resistance. 


residual noise power and may be regarded as being produced 
by a resistor R, in series with the input. 


8.6.2. Equivalent noise sources for a transistor amplifier 


Transistors have several sources of noise inherent in their 
operation, and to allow for these the black-box representation of a 
noisy transistor amplifier is as shown in Fig. 8.11. This shows a 
series-voltage noise generator E, anda parallel-current noise gener- 
ator I, with a correlation factor y between them. 


Noiseless 
I, 


amplifier 


Fic. 8.11. Equivalent noise sources of a transistor amplifier. 


The voltage generator is equivalent to a noise resistor R, , where 


2 
n 


Rn = GET of 
measuring the output noise and referring it back to the input. This 
corresponds to R,, the noise resistance discussed in the previous 
section. The current generator may also be replaced by a resistor 
R,,» Where R,, = 4kT df/I7, and may be determined by open cir- 


and may be determined by short circuiting the input, 
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cuiting the input, measuring the output noise and referring it back 
to the input. To evaluate y, a third noise measurement must be 
made, typically with a source resistance of »/(R,, R,,). The noise 
equivalent circuit is then as shown in Fig. 8.12, but care must be 
taken with its use as shown later in this chapter. 


Noiseless 
amplifier 


Fic. 8.12. Equivalent noise resistances of a transistor amplifier. 


8.7. Signal-to-noise Ratio 


When intelligibility is the criterion, e.g. in radio receivers, the 
signal-to-noise (S/N) ratio of a system is often much more impor- 
tant than the sensitivity. It is useless to have such a high gain that 
the input signal is masked by noise, and the sensitivity is often 
stated in terms of the signal required for a certain S/N ratio (say 
15 dB) at the output. The S/N ratio itself is always given as a power 
ratio. 

In the simplest case, i.e. an infinite input impedance noiseless 
amplifier, the only source of noise is the thermal noise associated 
with the source resistance Rg. If the input signal is Z, the ratio of 
signal power to noise power at the output is Z?/4kT Rg df, where the 
symbols have the meanings previously defined. 

When the input resistance has a finite value, but no other noise 
is generated within the amplifier, the equivalent circuit is as illus- 
trated by Fig. 8.13. This shows the input voltage is reduced to 


Noiseless 


amplifier 


Fic. 8.13. S/N ratio of matched amplifier. 
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ER,,,/(Rs + Rin) While the noise voltage E, becomes 


RsR; 
[aer( Ret a v/ 
The S/N ratio at the output is then given by 
FPR’ |(Rs+ Rin? 
4kT|RsRin/(Rs+ Rin) Of 
E?Rin 
~ 4kT(Rs+Rin)Rs Of * 


The inclusion of a noise resistance R,, in series with the input as 


S/N ratio = 


Noiseless 


amplifier 


Fic. 8.14. S/N ratio of matched amplifier with noise resistance. 


illustrated by Fig. 8.14 has no effect on the signal but increases the 


, ; RsR; 
effective noise resistance to ( = +R,), 
Rs+ Rin 


EP Ri/ (Rs + Rin) 


4x7 — +R) of 


Rs + Rin 
_ E°Ri, 


~ 4kT(Rs+ Rin) (RsRint+ RaRst+ RnRin) Of” 


ie. S/N ratio = 


Consider the case of an amplifier of bandwidth 10 kHz and 
input resistance 100 kQ being matched to a source of 100 uV. If 
the equivalent noise resistance referred to the input is 40 kO, the 
equivalent noise circuit is as shown in Fig. 8.15. The signal is halved 
to give 50 uV at the input while the noise generated is due to an 
effective resistance of 40 kQ in series with two 100 kQ resistors in 
parallel, i.e. 90 kQ. 
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100kQ 40kQ 


Noiseless 
amplifier 


Fic. 8.15. Numerical example of Fig. 8.14. 


Hence the S/N ratio at the output is given by 


os (50x 10-8)? 
~ 4X 1-38 10723 x 290 x 90x 103 x 104 


= 175 or 22-4dB. 


S/N ratio 


The value of 1-38 x 10~%3 J/K is assumed for Boltzmann’s con- 
stant, and the absolute temperature is taken to be 17°C or 290 K. 

Although the circuit shown in Fig. 8.14 appears identical to that 
of a transistor amplifier with resistors R,, and R;, replacing R,, and 
R,, tespectively, it must be remembered that R,, represents a 
current generator and does not act as a potential divider with the 
source resistance Ry. This is best seen by the noise equivalent 
circuit shown in Fig. 8.16. 


Enza (4kTR, Sf) 


: O 
s 
a 
Opi ea( eet 
E,=4(4kTR,Sf)| CD "2 


Fic. 8.16. S/N ratio of amplifier with voltage and current noise generators. 


Noiseless 
amplifier 


The total noise voltage referred to the input is then given by 
Vi = ER+ ER + TPR3+2yE, Dns - 


The term 2yE,, I,Rs is due to the correlation between the noise 
sources E, and J,, i.e. not being completely random and giving 
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an additional cumulative effect, 


i.e. V2 = 4kTRs 5f+4kTRn, Of+ 


+2 4kTRs 8 f / (x) 


Hence, since the signal voltage at the input is not affected by the 
noise generators, 


“Re 


4kT of 
R 


te 


S/N ratio = = 
Ri, 


wat Rs (pe) af 
4kT (x, +Rr,+ Ra 2yRs R,, of 


8.8. Noise Factor 


As stated previously, the noise generated within an amplifier is 
an important factor in its performance. Some means of comparing 
amplifiers is needed, and the usual methods employed are noise 
factor (or noise figure) and noise temperature. This section discusses 
noise factor while section 8.9 considers noise temperature. 

Two definitions of noise factor are in current use: 


output S/N ratio of ideal amplifier 


i.e. noise factor = ——— 
output S/N ratio of actual amplifier 


S/N ratio at input 


or noise factor = ———____—___—_.. 
S/N ratio at output 


Since the S/N ratio at the input corresponds to the S/N ratio 
at the output of an ideal amplifier, these definitions obviously 
lead to the same result. The term noise figure is often used as an 
alternative to noise factor, but the strict definition is 


noise figure = 10 logio (noise factor). 


The question that arises from the first definition is: What is 
meant by an ideal amplifier? This is defined as an amplifier where 


226 ELECTRONIC DEVICES AND CIRCUITS 


the only source of noise is the thermal noise developed in the 
source resistance. The S/N ratio of such an amplifier is, as shown 
in the previous section, given by 
‘ BE? 
S/N ratio = AkTRs of . 

Three other cases were also considered in section 8.7: an ampli- 
fier where the only source of noise was the input resistance, an 
amplifier with a finite input resistance and noise resistance, and a 
transistor amplifier with series-voltage and parallel-current noise 
generators. 

E?’R, 


In the first of these cases the S/N ratio was 4kT(Rs+ Ru)Rs Of” 


and the noise factor (NF) is then given by 


_____ EXMARTRs Of) 
~ -EPRin/[4kT(Rs+ Ria)Rs Of 


= 1+. Rs/Rin- 


NF 


This shows that the noise factor of a correctly matched receiver 
(i.e. R;, = Rs) has a best possible value of 2, i.e. a noise figure of 
3 dB. 

The second case gave a S/N ratio of 


E’ Ri, 
4kT(Rs + Rin) (RsRint RRs + R,Rin) of : 


and the noise factor is then given by 


E*/(4kTRs 6f ) 
(E*R2)/[4kT (Rs + Rin) (RsRint+ RnRs+ RnRin) 6f] 


Rs Rn. Ra 
= f1+4+- 1 if 
( +.) ( fe ta) 


If the amplifier is matched (i.e. R,, = Rs), this expression 
reduces to 2+ 4(R,/R,). 
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In the case of the amplifier with series-voltage and parallel- 
current noise generators, the S/N ratio was shown to be given by 


. The noise factor 


aur| Rs+ Ry, + (R3/Re,) + 2yRs V(x) of 


of such an amplifier is given by 


E2|(4kTRs 5f) 


NF = R 
BAK] Rs-+ Ro, +(R81Ru)+27Rs Vf (F) | OF 
— Rn Rs Rn, 


The noise factor obviously depends on Ry, and its optimum 
value may be found by differentiating and equating to zero, 


a(N - 1 
(NF) _ Rn, 


i.e. —~=0 
dRs RS Rn 
or Rs = V(Rn, R,,.). 
With this value of source resistance, the minimum noise factor is 
given by 
ieees Rn, Ri, Ri, 
neon = 1+ (Re) + V (2) +) () 
_ Ri, 
S14 0-ey) V (x): 
In the case when y =90, 
Ri, 
NF = 142 5 
Also Rn, = $(NFia— IRs 


and Rn, = 2Rs,,,/(NF min— 1). 
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Hence, in general, the noise factor of such an amplifier is given by 


l 1 
NF = 14-5 (NF min— )Rs,,/Rs+ (NFnin— 1)Rs/Rs, 


— 1 Rov Rs 
= 145 (NFnin—1) ie + aa 
A similar approach may be used with current amplifiers. The 
ideal current amplifier is one with zero input impedance and whose 
only source of noise is the thermal noise associated with the source 
conductance. 
Then 


S/N ratio = 17/1? 
= [2/(4kTGs 6f). 


G 
AWA 


Noiseless 


amplifier 


Fic. 8.17. S/N ratio of current amplifier. 


With a series conductance G as shown in Fig. 8.17, the signal 


: . ‘ G . : 
current is reduced in the ratio GtG. and the effective noise con- 
Ss 


GG 
ductance becomes (. Gi Ge ) 


{[G/(G+Gs)P I? 
4KT [(GGs)|(G+Gs)] Of 
Hence the noise factor is given by 
P2/(4kTGs of ) 
[G(G+ Gs)] P/{4KT[(GGs)/(G+ Gs)] Of} 
Gs 


= Ite: 


Hence the S/N ratio = 


NF = 
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This expression is the dual of that obtained for a voltage ampli- 
fier with a source resistance R, and input resistance R,,. Duals 
of the other cases may be drawn and the noise factor estimated in 
each case. 


8.8.1. Noise factor of a complete system 


The case often arises when several networks, amplifiers, or other 
items of electronic equipment, of known noise factors, are con- 
nected in cascade. The noise factor of the complete system may be 
derived as follows. 

Consider a network Ni with a noise factor F; and gain G;. If W; 
is the noise output power for an input noise power Wo, 

Wy, 


Fy ~ GiWs or W, = F\G,Wo. 


Hence the internal noise generated = W1—Gi Wo 
= GiWo(Fi- 1). 


Similarly, for a network N2 with a noise factor F2 and gain Go, 
if W. is the noise output power for an input noise power Wo 


We 
G2Wo 


F. = or W. = F.G2Wo, 
and internal noise generated = W.—-G2,W 
= G2Wo(F2— 1). 


When the networks are connected in cascade as shown in Fig. 
8.18, an input of Wo gives rise to a noise power of Wi = FiGiWo 
at the output of NM, and G2W, = F,GiG2W, plus internal noise 
G2Wo(Fe— 1) at the output of Na, 


i.e. noise output power = F1G\G2Wo+ GoWo(F2— }). 
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Wo W,=F,G,Wo GW,+GWo(F,-1) 
Seep ONE No 


Fic. 8.18. Noise factor of networks in cascade. 


If the networks were noise-free, the output noise power would 


be GiG2Wo. 
Hence 
overall noise factor = E:GiGaWer Ga sta) 
GiG2Wo 
F,-1 
= Fi4+—— 


Gi 


This expression indicates the desirability of using a high-gain 
low-noise device as the first stage of a multi-stage amplifier. 


8.9. Measurement of Noise Factor 


The use of a saturated diode for the measurement of noise 
factor has already been mentioned in section 8.2. The actual circuit 
used is illustrated by Fig. 8.19 and the resistor Ry is chosen to be 
the same as that normally associated with the amplifier. 

The first step in the measurement is to determine the output 
noise power P, when there is no heater current flowing. This will 


d.c. milliammeter 


Ss 

= Square 
E law 

< indicator 


Fic. 8.19. Measurement of noise factor. 


NOISE 231 


be due to the input thermal noise (ziven by En, = 4kTX 


( RsRin 
Rst+ Rin 

If the heater current is now increased so that the output noise 
power is doubled, the increase in output power (i.e. P,) will be 
due to shot noise from the diode flowing through R, and R,, 
in parallel, where R,, is the input resistance. Thisis given by 

RsRin ) 

E?| = 2le of |——— 

ied ? r( Rs+ Rin 

RsRin 

> in 
2Ie ¥(5 . 

Rs+ Rin 

But for a source emf. E the signal at the input = ERi,/ 

(Rs+ Rin), 


) *) and the internal noise. 


Hence 4Kr( ) 6f+ (internal noise referred to input) = 


[ERin/| (Rs + Rin)? = EF 
2ledf[RsRin|(Rs+Rin)|?  2le 5fR%° 


Le. S/N ratio = 


If the amplifier were ideal, the S/N ratio is given by E?/(4kTR, 6f). 


_ E?/(4kTRs of) = TeRs 


Hence = } 
E?/(2Ie 6fR%) 2kT 


Substituting for e, k and assuming the absolute temperature is 
290 K, 
NF = 207Rs. 


This expression shows that if Ry is known, the d.c. milliammeter 
may be calibrated directly in noise factor. 

Alternatively, a signal generator may be connected to the input 
to exactly double the output power. If the output of the signal 
generated under these conditions is V, 


y2 


NF = GTR of 
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The latter method, however, involves the accurate measurement 
of the small voltage V (a few microvolts) and the noise bandwidth. 


8.10. Excess Noise Temperature 


Excess noise temperatures are sometimes used as an alternative 
to noise factors, particularly by physicists. Assuming an amplifier 
has a resistor R connected across its input terminals at a tempera- 
ture of absolute zero, the noise output power will be entirely due 
to the noise generated within the amplifier. If the temperature of the 
resistor is now increased to temperature T,, such that the output 
power is doubled, the additional noise output power is due to the 
resistor and may be equated to the internal noise. 

Then the internal noise power referred to the input = kT, of. 
T,, is known as the excess noise temperature of the amplifier. 

At any absolute temperature T the total noise referred to the 
input is given by 


Py = KT 8f kT q Of = K(T-+T>) Of. 


. _ KT+T,) of 
Then noise factor, F= Er fF 
_ T+Th 
~ FT 
or T, = (F— DT. 


This expression gives the relation between excess noise tempera- 
ture and noise factor. The relation between the two may be extended 
to the case when a composite noise factor is considered, 
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T+Th T+Th T+T,, 
But Fe= = = 
u T > Fy T > Fy T a 
T+T ny _ 
T+T,  T+Tn T 
Therefore pT = OF + G; : 
: Tne 
1.€. Th = Tn+G . 


This expression indicates the advantage of using a high-gain 
low-noise preamplifier in front of a relatively noisy amplifier. 
Consider the case of an amplifier with a gain of 40 dB (10,000 times 
as a power ratio) and an excess noise temperature of 500 K. At a 
temperature of 17°C and a bandwidth of 10 kHz, the total noise 
referred to the input is k(T+T,,) 6f 


= 1:38 x 1073 x (290 + 500) x 104 
= 1:09 107-26 W. 


With a preamplifier having a gain of 20 dB (100 times as a power 
ratio) and an excess noise temperature of 100 K, the composite 
excess noise temperature is 100 + 30 = 105 K, and the total 
noise referred to the input is 


1:38 X 10-23 (290+ 105) 104 = 0-525 10728 W. 


This corresponds to a reduction of approximately 3 dB in the 
composite noise figure. 

The concept of noise temperature is not limited to amplifiers. 
When a resistor generates more noise than the expected thermal 
noise (e.g. when it carries d.c. current), the effect may be expressed 
in terms of an excess noise temperature, 


_ & 
~ ARR Of 


where E, is the actual noise voltage generated, R is the true resist- 
ance, and T is the absolute ambient temperature. 
In communication work aerials are also treated in this fashion. 


i.e. Tn T, 
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Questions on Chapter 8 


Q.1. Discuss the various sources of noise in valve and transistor amplifiers. 


Q.2. Explain what is meant by equivalent noise resistance. A source of 
internal resistance 50 Q is matched to a high gain amplifier. If the bandwidth 
is 40 kHz and the output S/N ratio is 36 dB, find the source e.m.f. Assume a 
temperature of 17°C, k = 1-38 10-3 J/K, and ignore internal noise. 


Q.3. Determine the number of stages in an amplifier if the full output of 
10 V r.m.s. is developed due to noise. Each stage has a bandwidth of 10 MHz, 
the input resistance is 3 kQ, and the equivalent noise resistance referred to the 
input is 1-5 kQ. The temperature is 27°C, Boltzmann’s constant is 1-37 10-28 
J/K and the source resistance is 2 kQ. The voltage gain per stage is ten times. 


Q.4. Show that if the equivalent noise generators of an amplifier are V,, and 
I, in series and parallel with the input respectively, the optimum value of source 
resistance is given by Rg = V,,/In. 


Q.5. Determine the noise factor of an amplifier whose input resistance is 
10 kQ and noise resistance referred to the input is 2 kQ when driven from a 
source of resistance 5 kQ, 


Q.6. Show that the noise factor of a current amplifier whose only source 
of noise is the input conductance Gi, is given by 
G 
NF = 1+—". 
+ Gs 
Q.7. Distinguish between noise factor and noise temperature and derive 
the relationship between them. 


CHAPTER 9 


Linear Circuits 


Linear circuits for valves and bipolar transistors have been cov- 
ered in detail in previous volumes. In this chapter some correspond- 
ing circuits for field effect transistors will be considered and more 
advanced applications discussed. 


9.1. Bias Circuits for the FET 


The bias circuits used for the FET follow the same lines as those 
for vacuum valves and these are illustrated by Fig. 9.1 (a) (b), and 
(c). Figure 9.1 (a) shows an v-channel junction device with a standing 
bias being obtained from an auxiliary supply. An alternative, and 
more usual, method is shown in Fig. 9.1 (b), where the drain current 
flowing through the source resistor Rg provides a bias IpRg. 

Figure 9.1 (c) illustrates an n-channel MOST operating in the 
enhancement mode, the forward bias on the gate being derived 
via a high resistance Rg connected between drain and gate, typi- 
cally of the order of 27 MQ. 


9.2. Methods of Connection for the FET 


The three possible methods of connection for the FET are 
illustrated by Figs. 9.2, 9.3, and 9.4. Figure 9.2 shows the equivalent 
circuit of a common-source stage, the circuit of which is given in 
Fig. 9.1 (b). 

235 


236 ELECTRONIC DEVICES AND CIRCUITS 


+Vp 


out 


{b) 


Fia. 9.2. Equivalent circuit of Fig. 9.1 (b). 
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Obviously, in this case, V,, = Vin 


= SV gstasRr 


d | 
or an rast Rr 


: : Vout &mnldsRr 
i.e. voltage gain = -—— = —2" 
i Vin Yast Rr 


Figure 9.3 (a) and (b) illustrates the circuit and equivalent circuit 
of a FET connected in the common-gate configuration. 
In this case, . 
Ves SS = Vin 
and Vin = I(ras+ Rr) +8mV gs¥dss 
ae _ Vill +8mFas) ; 
(Tas-+ Rt) 


Also Vout = IR. 


Vin 


Vo ut 


= (1+ &mFas) 
(rast Rr) a 


Therefore gain = 


The third method of connection is the source follower shown 
with its equivalent circuit in Fig. 9.4. 


Vos = VintIRs. 


Also I(Rstras)+&mV gstas = 0, 
ie. I(Rs+ras)+8mtas(Vin+IRs) = 0 
SmlasV in 
or l= : 
Rs+ Yast 2mlasRs 
Therefore gain = — IRs 
Vin 
SntasRs 


~ Fas + Rs( +&nilds) ; 
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9.3. FET Circuits 


In this section some typical FET circuits will be considered. 
Space precludes an exhaustive treatment, but by analogy with valve 
circuits it should prove sufficient to enable the reader to analyse 
the majority of FET circuits. 


9.3.1. Direct-coupled FET amplifier 


A typical FET d.c. amplifier is shown in Fig. 9.5 and its equiva- 
lent circuit in Fig. 9.6. 
The equations for this circuit are: 


T(R+ Rst+tas)+L2Rs+8mnV 9s,hds as 0, (9.3.1) 
Ig R+ Rst+ras)+ LRs+8mVg5,Fds = 9, (9.3.2) 
Vout = R—-lR = (11 — Ie) R. (9.3.3) 


Fic. 9.6. Equivalent circuit of Fig. 9.5. 
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Subtracting eqn. (9.3.2) from eqn. (9.3.1), 
1,(R + Fas) = IR + Yas) + 8mtasV gs, aa V os.) = 0. 


V, 
But (1-12) = =a and = (Vgs,—Vegs,) = Vin. 
Vout = 
Therefore R (R+ras)+8mtasVin = 0, 
i.e. gain = Vout = _ 8mtasR 


Vin R+Tas , 


9.3.2. A.F. FET amplifier 


To illustrate the use of the FET in af. circuits consider the 
simple amplifier shown in Fig. 9.7. 


Fic. 9.7. A.F, FET amplifier. 


At mid band the gain will be 


= _ &mRias 
Rut+tas 


At low frequencies the equivalent circuit is as shown in Fig. 9.8. 
Vy = Vin, 


Ves = V, Ve= Vint! (a etaRs) . 
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Vin 
Fic. 9.8. Equivalent circuit of Fig. 9.7. 
Therefore 
Rs IRs 
ig area aes, i r int ap | 
1 React T+ joCsRs + 8m al nt 1+ joC.Rs 
Sm¥asV in 


Therefore J = : 
R + rapt Rs + 2nY, _ Rs 
Peas 1 +joCsRs Sm a( 1 +joCsRs ) 


Therefore 
Vout ee 8mlasRr 
Vin = Rs Rs ? 
Sa ( 1+joCsRs ) +8 1+jaCsRs ) 
i.e ain = a 
v . ~ 1+ Rs 1+2mlas 
1+joCsRs } \ Ri+tas 
= A(1+joCgsRs) 
7 Rs(1 + 8 mds . ‘ 
ieee) +J0CsRs| 
i.e., at the 3 dB point, 
V(1 +0*C3R5) ae. 
2 a ’ 
/[( 2) were] 
Ri +TFas 
2 
24208 C2RS = (14 RUF Sara) \" orcare, 
Ryu+tas 
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14+: 2m¥as) : 

2C2. R® — Rs( 

or wo'CsRs (14 Ritra 2, 

: = 1 Rs(1+ 8mras) 2 

i.e. f= TaCoRs Vy iC Rees ) 2}. 
bot _ 8m 

If ras is high, f= MnCs 


This gives the low frequency at which the gain falls to 1/+/2 of 
the medium-frequency value. 


9.3.3, R.F. FET amplifier 


The use of the FET in r.f. amplifier circuits is illustrated by Fig. 
9.9. A grounded-gate circuit ensures separation between output 
(drain) and input (source) circuits. 


Fic. 9.9. FET common-gate r.f. amplifier. 


As in the case of section 9.2 it may be shown that at resonance 
the gain is given by 
> en (14+ 2mas)Rp 
Yas + Rp 


3 


where Rp is the dynamic impedance of the tuned circuit. 
If 7,, is high, this reduces to 


A = gmRp. 
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9.3.4, FET-bipolar transistor circuits 


Useful combinations of FETs and bipolar transistors are possible 
that combine the advantages of the high input impedance of a FET 
and the high current gain of a bipolar transistor. One such circuit 
is illustrated in Fig. 9.10, and its equivalent circuit is shown in 
Fig. 9.11. To a first approximation, r,,, h,,. and 1/h,, may be ignored, 
giving the equivalent circuit shown in Fig. 9.12. 


Fic. 9.12. Simplified equivalent circuit of Fig. 9.10. 
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From the diagram 


In = — Ran, el 
Ves = Vin—(8nV gs—hyels) Ro 
_YVy. hyeR&mV gs 
27s (s0¥ oot | Rs 
Vin 
or Ves = ’ 
hyeRR28m 
1 +emRe + Rthe 
: R+hie 
Le. Ves ™ Vin( i Raa) 
Therefore Vout = 8mVgsRe—hyelp(Rit Re) 
i>. Vin 
and i= hyeRe . 
Rt+hie 
Hence, Vou = Snl ol Raga ) Ret hye ge. Ry (Rit Re) 
ei V out _ (R+ hie) eas 
or gain = 7 = hyeR oe = 


Rit Re Ro 
Rp -? 
i.e. the gain depends mainly on the values of the resistors Ri and 


Re. This result may be obtained by considering the circuit as a 
feedback network with heavy negative feedback, 


i.e. A = 


LINEAR CIRCUITS 245 


9.4. Feedback 


Feedback has already been considered in detail in Volume 2 
when the cases of voltage and current amplifiers with series, voltage 
and current feedback, and parallel, voltage and current feedback 
respectively were discussed. These are shown in Figs. 9.13-9.16. 


M me Fi is va 


Fia. 9.13. Voltage amplifier with series-voltage feedback. 


Fic. 9.14. Voltage amplifier with series-current feedback. 


Figure 9.13 illustrates a voltage amplifier with series-voltage 
feedback, i.e. the feedback is in series with the input and propor- 
tional to the output voltage. Obviously the proportion f of the 
output voltage feedback is given by 


B ~ Ri + Re" 


Figure 9.14 illustrates the case of a voltage amplifier with series- 
current feedback, where a voltage proportional to the output 
current is fed back in series with the input, 


1.€. voltage fed back = JouR 
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or BV out = RiR, R, 
. R 
1.€. B = RR, 


One difference between this and the previous case is that with 
a short-circuit load there is no feedback in the case of voltage 
feedback, but in the case of current feedback the voltage fed back 
is still present. 


Fic. 9.15. Current amplifier with parallel-current feedback. 


Figure 9.15 shows a current amplifier with parallel-current 
feedback, i.e. the current is fed back in parallel with the input. If 
the input admittance is much greater than the feedback admittance 
Y,, the proportion f of the current fed back is given by 


The final case considered is shown in Fig. 9.16. In this case the 
current fed back is proportional to the output voltage, i.e. current 


Fic. 9.16. Current amplifier with parallel-voltage feedback. 
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fed back 
“T/Y+¥pyl+d/a2) ” 
_ 2 _Y; 
1.€, BTout = Tout ¥+Y¥; : 
= ody 
Therefore p= ¥+¥," 


With an open-circuit load there is no feedback in the case of 
voltage feedback, but for current feedback a feedback current is 
still present. 


9.4.1. Negative feedback 


As mentioned in the previous volume, negative feedback was 
probably the most important development in the design of stable 
amplifier circuits. Its effect is summarized in the Table 4. 

FETs are voltage amplifiers, and typical circuits employing 
negative feedback are shown in Figs. 9.17 and 9.18, the former 
illustrating simple series-current feedback and the latter series- 
voltage feedback. 

In the circuit shown in Fig. 9.17, the drain current flowing 
through the source resistance R, provides the feedback and the 
BmrdRe oy a value A’, 
Yast Rr 

a (SmtasRx)|(Tas + Rx) 
1+(Rs/Rr) (8mrasRz)/(tas+ Rx) 


a SmlasRxi 
Yast Ri +8mtasRs , 


gain is reduced from — 


where A= 


Figure 9.18 is an alternative version of the source follower shown 
in Fig. 9.4. The additional parallel RC combination in the source 
lead enables correct bias conditions to be determined for the FET. 
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TABLE 4 
| 
Voltage amplifier ; Current amplifier 
| 
: | et) 
Series | Series | Parallel Parallel 
voltage current | current voltage 
FB | FB l FB FB 
Gain reduced but stabilized 
Input impedance increased | decreased 
Output impedance] decreased | increased decreased increased 
ieee ea ine lar | a 
Phase response improved 
Frequency re- . 
improved 
sponse 
Distortion reduced 
Ae 
Vin 
Bi. Ws 


Fic. 9.17. FET amplifier with 
series-current feedback. 


Fic. 9.18. FET amplifier with 
series-voltage feedback. 


The gain, ignoring feedback, i.e. the input between gate and 


source, is 


Emil asRs 
Yast Rs ; 


and all the output voltage is fed back in antiphase to the input. 
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Hence the voltage gain with feedback is given by 
(&m¥asRs)/(Tas+ Rs) 
i + &mtasRs[(as+ Rs) 


= 2mlasRs 
Yast Rs +2mras) 


A = 


Current and voltage negative feedback have opposite effects on 
the output impedance of an amplifier and often to obtain a given 
value of output impedance, a combination of voltage and current 
feedback is employed. This is illustrated for a voltage amplifier in 
Fig. 9.19. 


Fic. 9.19. Voltage amplifier with combined current and voltage feedback. 


From Fig. 9.19, 
Vi= Vin+TouR+ Vout, 
(where p= -- Ry ) 


R 
Therefore Vi = Vin+Vout ot PV ou. 
But Vou = E. ee ieee (for Rit Re > Z) 
u out — “out ZL 1 2 


= uw 1- et 
, * Zout +Z 


Fou eee 
where v= B 
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ZoutZ Vou R 
Therefore Vout (az) = Vint ~F-+ BV out 
or si Set 
eee ee Ee es 
UZ Z 
_ ee Kec, 
~ Zou+Z—UR—pZB 
__.. 4 _ 
~ R+BZ 


if uw is large. 
If the source is replaced by its impedance Z, and a voltage V 
applied to the output, as shown in Fig. 9.20, the output impedance 


may be evaluated. 


Fic. 9.20. Output impedance of a voltage amplifier with combined current 
and voltage feedback. 


If, as is normally valid, Z;, is much greater than Zz, 


V1 = BV-IR, 


where B => RitRe a 
_ V—w(6V—IR) 
Therefore I= Zou tR J 
Therefore with feedback, Zou =— = fue 


V 
ve 
R 
B 


if wis large. 


LINEAR CIRCUITS 251 


Consider a three-stage voltage amplifier with a gain of 100 dB 
without feedback. If the optimum load is 5 kQ and a gain of 60 dB 
is required with feedback present, 


R 
then — = 5000 
B 
Z 
and — 1000 "RAZ 


since 60 dB corresponds to 1000 times and three stages give phase 
inversion. 


1 
Hence, 1000 = (R/5000) +B 4 
Therefore Fy 10008 = 1, 
i.e. 10008 + 10008 = 1, 
; 1 
i.e. b= 000 
and R=2:5Q. 


A similar approach may be used with current amplifiers. Consider 
the circuit shown in Fig. 9.21. Current feedback feeds a current 
Gi 


—— = Ioy, back to the input, while voltage feedback gives rise 
Y,+ Yr 


Y, 
Si sone . : . 
to a current ——+— I,,, flowing in the input circuit. 
Y+ Y,, out gs p 


Fic. 9.21. Current amplifier with combined current and voltage feedback. 
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Hence h — Tint+Blout+ylout » 
Yr Ys, 
=- a d => 1 . 
whee ial go eee aes 5 
I I, YY 1 
If =m, wt = =~ very nearly. 
Tin bs Tin Yr4+Yout y y 
: I, 
Therefore current gain = —™ 
Tin 
- 1 
a Youtt+ Yr, 
( ive ) p=? 
= 1 
Bty 


if wy is high. 

Since Y;,, is assumed to very be high, the output admittance may 
be evaluated from the circuit shown in Fig. 9.22. In this circuit a 
voltage V applied to the output gives rise to a current J. 


Fic. 9.22. Output admittance of a current amplifier with combined 
current and voltage feedback. 


The current J is much greater than any current in the input 
circuit and the voltage across Y,is very nearly I/Y. Hence the input 
current J is given by 


I 
= VY;— y i = VY;— Ty. 
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Then the output voltage is very nearly 


_ @ht+D 
v ~ Yout , 


where zz; is the short-circuit current gain, 
Le. Vion = XV Y¥,—-Iy) +1 


or effective output admittance 


' I _ Vout iY s 


out V 1 = yy 


If g; is high, You = -". 


Consider a three-stage current amplifier with an optimum output 
admittance of 2X 1072S and a current gain without feedback of 
100 dB. If the feedback components to give a working gain of 
60 dB are required, 


2x 10-3 = TF, 
y 
—1000 =— 1 - 
B+y 
Yr Yr 
and Py = Das 


Assuming the load is equal to the optimum output admittance, 


_ Ys Yy 
1000 = (aio + axi0-) 
. 2x 1073 
1.€. 2Y¢ = 7108 


and Y¥,; = 10-88, 
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Since this is resistive, Rp = 1 MQ. 


10-6 1 


Therefore p= ax10-> = 2000 ° 
Theref aa 
erefore ? = 5000 - 


If Y,, is 10-48, Y =0-2S, i.e. a resistance of 5Q. 


9.4.2. Positive feedback 


This is the basis of oscillator circuits, and as an example of the 
use of the FET consider the Wien bridge oscillator shown in Fig. 
9.23. 


Fic. 9.23. Wien bridge FET oscillator. 


The amplifier may be considered as having an internal voltage 
gain A between input and output; a very high input impedance 
compared with the frequency determining components R and X,; 
and a low output impedance, very nearly R,. The circuit may then 
be represented by Fig. 9.24. 


Sa Scie R Cc 
A sal To input 
R 
Vin : R Cc 
| AVinG 
hee ene er - 


Fra. 9.24. Equivalent circuit of Fig. 9.23. 
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The proportion of the output e.m.f. fed back is 8, where 


R/C. +joCR) 
(itjaCR). Rk 
Rit oct W+jaCR) 


p= 


For oscillation to be maintained, BA = 1, 


- joCRA Sify 
- joCRi(l+j@CR)+(1+joCRY+joCR °° 
i.e. puns = 1. 


(1 —w?C?2R?—w?C?RR_) + 3j@CR + joCR, 
For no j term, 


1 —w*C?R?—w’*C?RRz = 0, 


1 
; re Cues cect Bok 
i.e. @ CRIL+(Ri/RI 
A 
Then 34R,)/R 1, 
, ig Re 
i.e. A =3+ R° 


These expressions indicate that the circuit will oscillate at a fre- 
quency 1 /[2xCR /(1+ R,/R)] if the internal voltage gain is greater 
than 3+ R,/R. In practice the voltage gain is usually much higher 
than this, and has to be reduced. A convenient method is to apply 
negative feedback from the second drain to an undecoupled resistor 
in the first source. 


9.5. Cascade Circuits 


This type of circuit is used with valves, bipolar and field effect 
transistors, and is characterized by one device acting as the load 
of another. 


256 ELECTRONIC DEVICES AND CIRCUITS 


9.5.1. Valve cascade circuit 


A valve cascade circuit is illustrated by Fig. 9.25. The lower 
valve is operated in the usual common cathode configuration, 
but the upper valve is a grounded grid stage, ensuring isolation 
between input and output circuits. 


Fic. 9.25. Valve cascade circuit. Fic. 9.26. Equivalent circuit of 
Fig. 9.25. 


The equivalent circuit for Fig. 9.25 is shown in Fig. 9.26, where 


Vek, = Vin; 
Vex, =—(— MV gx, — Ira) 
= MVin+ Ira 3 
Therefore T= HV in~ MV int Ira) 
2rgt+ Rr 
— Bet IV ia 
| es ee 

7 rg(@+2)+Rz ’ 
i.e. gain = Vou —_ (w+ I) Re 


Vin a(t +2)+Ri- 


Such a circuit is found in the input circuits of some television 
receivers and has the advantages of very short connections between 


valves, i.e. a strap across the valve base and the relatively low noise 
level of triodes. 
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9.5.2. Transistor cascade circuit 


Figure 9.27 gives the bipolar version of a cascade circuit. The 
“y” equivalent circuit of the stage is shown in Fig. 9.28. To a first 
approximation, y,, and y,, may be ignored and the circuit reduces 
to that shown in Fig. 9.29. 


() 
wy, 
v6 
Yre'2 (7) 


(4 &) 
Vin Yie | Yr" C) Vin ™) Yoe |v, Yre i 


Fic. 9.29, Simplified equivalent circuit of Fig. 9.27. 


Then V, = —2eViat yea 
agin Vie 

or V; (an VpeVin 
Vie + Vfe 

and Vout =. Vie 


Vin a Oyjet+ Vie¥ i : 
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9.5.3. FET cascade circuit 


The circuit shown in Fig. 9.30 shows two FETs connected in 
cascade. This may be represented by the equivalent circuit illus- 
trated in Fig. 9.31. 


Fic. 9.30. FET cascade circuit. Fic. 9.31. Equivalent circuit of 
Fig. 9.30. 


From the equivalent circuit, 


Ves _ Tas &mV in + I). 

Therefore I(Rr+2rds)+8nV inldst+ 8mlds(8mV in +1) = 0, 

&mV in ras(1 + Lmlds) 

Rit+ Yas(2+ Binds) ; 
IR, 
Vin 
ee &mlds(1+8mlds)Ri 

Ri+ ras(2 + Binds) ; 


i.e. f= 


Therefore gain = 


9.6. Very High Frequency and Ultra High Frequency Valve 
Circuits 
Although semiconductor devices are becoming increasingly im- 


portant at these frequencies, vacuum valves are still used exten- 
sively. This section discusses the deficiences of conventional valves 
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and describes some circuits used. It also provides a lead-in for the 
VHF valves considered in Chapter 12. 


9.6.1. Deficiencies of conventional valves at very high frequencies 


Conventional valves suffer from three main disadvantages at very 
high frequencies; the Miller effect, which is covered in Volume 2 and 
can usually be allowed for by neutralizing circuits; the effects of 
cathode lead inductance, which may be reduced by using thick 
cathode leads; and transit time effects, which may be reduced by 
decreasing the cathode—anode spacing and using high anode volt- 
ages. 


(a) Effects of cathode lead inductance 


The effects of cathode lead inductance are best illustrated by 
reference to the pentode circuit shown in Fig. 9.32. 


Fic. 9.32. Cathode lead inductance. 


To a first approximation, 


I 
Ig = &mV gc = 8" Cee . 


I Eml \, 
Therefore V= JoC gc + ("joc ) 7% 


or joC,V = I[—@LC,.)+joLlgn)- 
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In practice, even though L cannot be ignored, w*LC,,, is much less 
than unity. 
Then the input admittance is given by 


Yy..= i es _ JOC ge _ 
" V  1+joLgm 
_ JCal ~jooL gu 
1 +w?L?g?, 
Also w*Z?g? is much less than unity. 


Therefore 
Yin = JOC get w*LC cB - 
Hence the input circuit may be represented by Fig. 9.33 and indi- 
cates an input resistance that is inversely proportional to the 
square of the frequency. This leads to damping of circuits feeding 
this stage. 


1 


Coc OFLC Im 


Fic. 9.33. Input circuit allowing for cathode lead inductance. 


(b) Transit time effects 


Consider a pentode operating at such a frequency that the transit 
time of electrons between cathode and anode is of the order of 
one-tenth of the period. If electrons take a time f, to move between 
cathode and grid and a further time ¢, to cover the distance between 
grid and anode, the instantaneous values of the curtents into the 
grid and anode regions are given by 


iy = 2yV sin w(t— tg), 
iz = ZnV sin w(t—ty—ta) 


for a grid signal V sin wt. 
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These are illustrated by Fig. 9.34. 


t—— 


Fic. 9.34. Effect of transit time. 


The difference between i; and is is the grid current, i.e. 


ig = SnV [sin w(t—t,)—sin w(t—t,—ta)] 
= 2gnV cos o(t—~t,—tq/2) sin wt, /2 


. ot . ; 
= 2gmV sin > [eos cot cos (4+) +sin of sin o(+5) |. 


The in-phase component of this current is given by 


. ta. t . 
i, = |2en sin = sin oft 3) |Y sin ot 


and corresponds to an input conductance of 


. Oe. t 
Gin = 2gm sin > sin (ter). 


If 4, and ¢, are of the order of 0-17, where Tis the period, the 
sines of the angles may be replaced by the angles, 
i.e. Gin = 0 Eintalty + (ta/2)]- 
If the quadrature term is considered, 


Bin = OLmta . 
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Hence the effect of transit time is to give an input circuit as shown 
in Fig. 9.35. This is very similar to that due to cathode-lead induct- 
ance, and it is often difficult to distinguish between the two effects. 


Fic. 9.35. Input circuit allowing for transit time effects. 


9.6.2. Distributed amplifiers 


Although at frequencies in the order of gigahertz, microwave 
valves, as discussed in Chapter 12, predominate, at somewhat lower 
frequencies special types of amplifier are used. One example of 
these is the distributed amplifier illustrated in Fig. 9.36. 


Fic. 9.36, Distributed amplifier. 


Artificial delay lines are incorporated in the grid, and anode 
circuits and the input signal feeds each grid in sequence. The ampli- 
fied anode signals split into two components that travel in opposite 
directions along the anode line. Half of the output power is dissi- 


LINEAR CIRCUITS 263 


pated in one terminating resistance, but signals travelling in the 


forward direction add up in phase to give an output voltage V,,,,, 


where Vou = 5 Ro, 


n 
= | SmVin Ro > 


where n is the number of stages, J is the output current per stage, 
and Ro is the characteristic impedance of the anode line. 

Such a circuit provides appreciable output power with low rise 
times. 


9.6.3. Coaxial line circuits 


In the frequency range 300-3000 MHz, conventional inductors 
and capacitors become impractical, and recourse is made to trans- 
mission lines as tuning elements. As an example of such a circuit, 
consider the disc-seal triode used in a grounded-grid oscillator stage 
shown in Fig. 9.37. 


SC flange SC. flange 


AIL 
> 


Fic. 9.37. Coaxial line oscillator. 


This is basically the Colpitts oscillator illustrated in Fig. 9.38, 
where C, is the anode—-cathode capacitance, L is the input imped- 
ance of the grid—anode line, and C2 is the input impedance of the 
grid—cathode line. The components L and Cz, will, of course, be 
suitably modified by the anode-grid and grid-cathode capacitances. 
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Fic. 9.38. Lumped circuit of Fig. 9.37. 


Questions on Chapter 9 
Q.1. Compare common-source, common-drain, and common-gate FET 
circuits with respect to input and output impedances and voltage gain. 


Q.2. Derive an expression for the input impedance of a voltage amplifier 
with combined current and voltage feedback in terms of the input impedance 
without feedback, the open-circuit voltage gain, output and load impedance, 
and feedback parameters. 


Q.3. Two identical triodes are connected as shown in Fig. 9.39. Derive 
an expression for the voltage gain of the circuit. 


a se 


Fic. 9.39. 


lv, 


Q.4. The grid-cathode capacitance of a pentode operating at 100 MHz is 
5 pF. If the mutual conductance is 8 mA/V and the cathode-lead inductance 
is 0:03 1H, determine the input admittance. 


Q.5. Sketch the circuit of and determine the frequency and condition for 
oscillation for a Colpitts oscillator employing FETs. 


CHAPTER 10 


Non-linear Circuits 


IN THIS chapter, the use of the field effect transistor in multi- 
vibrator circuits will be considered and sweep circuits introduced. 


10.1. FET Multivibrator Circuits 


The astable multivibrator, shown in Fig. 10.1, is very similar to 
the valve circuit discussed in detail in Chapter 12 of Volume 2. 
The large amount of positive feedback ensures that changes 


a 


de 


Fic. 10.1. FET astable multivibrator. 


at one drain are rapidly reflected to the other gate, and fast 
switching occurs. The output taken from either drain is a square 
wave. ; 

If one of the RC coupling networks is replaced by direct coupling, 
a monostable circuit results, while replacing both gives the bistable 
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circuit familiar in counting circuits. The action of both these 
circuits may be seen by comparison with the corresponding valve 
circuits (sections 10.3 and 10.4 of Volume 2). 


10.2. Characteristics of Sweep Circuits 


One of the most common non-sinusoidal waveforms found in 
electronic circuits is the ramp function shown in Fig. 10.2. The 
obvious example is the time-base circuits of cathode-ray tubes. 


t{ —_ 


Fic. 10.2. Ideal ramp function. 


The ideal waveform cannot be attained, although very close approx- 
imations may be achieved, and some means of comparing practi- 
cal waveforms is desirable. Common methods used are slope error, 
transmission error, and displacement error—the last named being 
that most usually employed. 

In practice, ramp functions are composed of two separate 
exponentials, a long time-constant curve providing the sweep 
and a short time-constant relation giving the very rapid flyback. 
This is illustrated by Fig. 10.3, which also indicates the ideal func- 
tion OA and the sweep period T. 

Then (4 adv 

Bo _ ) 


slope error = 


_ tana—tanB 
~  tanx  ~ 
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Fic. 10,3. Practical ramp function. 


Displacement error or non-linearity factor 


maximum deviation 
maximum displacement 


Transmission error or deviation from linearity 
__CD-—AD 
~ CD 


_ Ttana—T tan 6 
~ T tana 


__ tana—tan 6 
a tan « 


The flyback time 7; should be as short as possible. 
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10.3. Simple Ramp Function Generator 


The simplest form of ramp generator is shown in Fig. 10.4. The 
capacitor charges exponentially until its voltage reaches the striking 
voltage Vs, of the gas discharge tube, when it rapidly falls to the 
extinction voltage Vp. 


t 


a 


Fic. 10.5. Output waveform of Fig. 10.4. 


The important part of the waveform lies between extinction and 
striking voltages as shown in Fig. 10.5. Then, if the amplitude is K, 


K oc (L—e- TR), 


and at any time ¢ 
y x (l—e7 RS), 


_ K(1—e7#RC) 


Hence = “(ae TIRE) 3 
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The percentage deviation at any time ¢ 


(l—e-#RC) K t 
—e—TIRC) Z 
ass z ) TF x 100% 


(1 — en MRO) — (1 —e~ TRC) 


= (1—e-T/RC) x 100% 


[let alegre) 


: eee | 


x 100% 
(gen e (35 tT 
_ RC” RCP} VRC (RCP ° 
= rT 7 ————- x 100%. 
li acy’) 
If high order terms are ignored, 
rcentage deviation ne fleets xX 100% 
percentage ca) =F (aR) ie 


Differentiating this expression gives a maximum deviation when 
t= 7/2, 


F . T 4s 
i.e. displacement error = BRC * 100%. 


10.4. The Miller Integrator 


The simple RC ramp-function generator suffers from consider- 
able non-linearity unless very high supply voltages are used. One 
method of improving the linearity is to increase artificially the 
charging time constant, and the Miller integrator is probably the 
best-known example of this type. 
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10.4.1. Miller integrator using voltage amplifier 


Consider, first, the voltage amplifier form of the Miller integrator 
circuit shown in Fig. 10.6. 


Vout 


Fic. 10.6. Miller integrator incorporating voltage amplifier. 


Assuming a very high input impedance 


V1—Vou = Q/C, 


; v 
i.e. a oat a 4, 
since Vout = — AV1. 
If A is high, = —Crout- 
Taking Laplace transforms, Gg =—Cdour.- 
Also, Vin—V, = iR 
pvt _ pp 
or Vint 7 hee R lt 
: ._ dq 
since l=. 


If v,, is a step function of amplitude V, taking Laplace transforms, 


V Vout _ = 
ras yi R(sg— qo). 
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Substituting for 4, 


= + = = — RCs¥our— Ro 
or Vout = Eo a Rao 
s[(1/A)+RCs]  [(1/A)+RCs] 
V Rqo 


~~ CRs[s+(1/ARC)] _RC[s-+(1/ARC)] 
V (= ARC ) 


~CR\ s  s+(1/ARC) 
do 
~ C[s+(1/ARC)] ° 


Taking the inverse, Your = — AV(1 —s-wane)_ ZA Ee ~HARC, 


; t 2 
Expanding, Vout = — av] 1—(1—~GRet ACRE ‘)| 


MOM iene Ech 5, 
C | ACR” 2(ACRY | 
% ee Vt 4 Ve ‘ 
me CGR DACERP. 


Since A > 1, 


The first term is a constant depending on the initial conditions, 
the second gives the linear change in output voltage, and the third 
gives the departure from linearity. The higher order terms will also 
contribute to the non-linearity, but their effect is minimal. 

The displacement error may then be estimated by assuming that 
the maximum deviation occurs at the mid-point of the sweep, 
(VO(T/2°V[24(CR}I 
~ VT/CR 


x 100%. 


ic. displacement error = x 100% 


me 5 
~ 8ACR 


Thus the displacement error is reduced by a factor A compared 
with the simple ramp function generator shown in Fig. 10.4. 
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10.4.2. Practical circuit of Miller integrator using a voltage amplifier 


In a practical circuit, provision must also be made for switching 
the circuit at the end of the sweep, and a FET circuit is shown in 
Fig. 10.7. In this case, the FET is initially cut off and the capacitor 
is initially charged up to the supply voltage. By comparison with 
Fig. 10.6 it may be seen that go/C is equal to —V pp. 


+Vpp 


Bias 


Fic. 10.7. FET version of Fig. 10.6. 


A positive-going input voltage switches the device on and, after 
a small initial fall, the drain voltage follows the relation 


Vt 
Vout = Voo—- GR 


if the second-order term is ignored. 

When the input pulse falls to zero the transistor is cut off and the 
output voltage rises exponentially as the capacitor is again charged 
to the supply potential. 

Pentodes may also be used for Miller circuits, but gating is 
normally carried out at the suppressor grid as illustrated by Fig. 
10.8. In this case the control grid is taken via R to the positive end 
of the supply voltage and grid current flows, although the anode 
current is normally zero due to the negative bias applied to the 
suppressor grid. The capacitor C is normally charged to a few 
volts below the supply voltage. 
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Fic. 10.8. Pentode version of Fig. 10.6. 


On receipt of a positive pulse on the suppressor, anode current 
flows. The initial drop in anode voltage is transmitted to the control 
grid, which tends to maintain the anode current at a low value with 
the voltage drop across the anode load approximately equal to 
the cut-off voltage of the valve. This is virtually instantaneous and 
is rapidly followed by a linear increase in current and a linear 
decrease in anode voltage according to the law 


Vt 
Vout = Vur.— CR : 


When the input pulse again falls, the anode current is cut off 
and the capacitor charges up through the anode load. 


10.4.3. Miller integrator using current amplifier 


The corresponding current amplifier circuit is shown in Fig. 10.9. 
Assuming a very low input impedance amplifier, v1 ~ 0, 


qd = Cut . 


Taking Laplace transforms, g = C#,4;- 


Also Vout = — Ayi,Rr 
= — Ajiint+ip)Re.- 
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Fia. 10.9. Miller integrator incorporating current amplifier. 


But Vin =iinR and it = dq/dt. 
Vi d 
Therefore Vout = — A + a) R.. 


Assuming ¥,, is a step function of amplitude V, Laplace transforms 
may be taken, 


i e Pout _ = ~¥ _ (sg ) 
€. AiR, sR. 44 
Substituting for 4, 
Vout —_ V - 
ARh = SRC Vout t Go 
or Cioui(s+—t-35) = - 4 
ot ( Tanai) ~~ SR a 
Tout = — y + a 
out sCRistO/4;R,C)] " Cls+(/ArR1©)] 
ArRLV fl 1 do 


~~ R s-raraneel | opea RON 
Taking the inverse, 


~(4;R,0)] + e-tAPRC), 


NON-LINEAR CIRCUITS 275 


Expanding, 


A;RYV t 2 
rp re eG i = 
ou R AiRiC * YA;RiCe 


t 12 
ne |! ARC * YA RCP } 


Since A, is large, 


qo Vt Ve? 
Vy = ep ; 
a C RC 2CR(A;R,C) 


The first term represents the initial condition, the second the 
linear change in output voltage, and the third the departure from 
linearity. 

Since the maximum deviation may be assumed to occur half- 
way through the sweep, the displacement error may be estimated, 


lv (7) | 2CR(A:R,C) 


i.e. displacement error = (VTICR) 
T 


~ SCRLAr | 


10.4.4. Practical form of Miller integrator using current amplifier 


An example of this type is the bipolar transistor circuit shown 
in Fig. 10.10. The transistor is normally biased off and the capacitor 
C charged to the negative supply voltage. A negative-going pulse 
switches the transistor on and the output voltage rises linearly until 
the input voltage returns to its original value when the device 
is cut off. The output then falls exponentially. 

The circuit shown in Fig. 10.10 does not provide a flyback that 
is fast enough for many purposes. To do this it is necessary to 
interrupt the feedback path by a circuit such as that shown in 
Fig. 10.11. In this circuit Q; normally conducts through the diode, 
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Fic. 10.10. Bipolar transistor ver- Fic. 10.11. Improved version of Fig. 
sion of Fig. 10.9. 10.10. 


while Q2 is cut off due to its emitter being more negative than the 
base. A negative pulse on the base of Q» switches that transistor 
on, and the diode is reverse-biased. The capacitor C then charges 
to give a linearly increasing output voltage as indicated in the 
previous section. When the gating pulse goes back to its original 
value, Q» is cut off and the output drops to the negative supply 
voltage. 


10.5. Bootstrap Sweep Circuits 


An alternative arrangement that provides a very nearly linear 
sweep is the bootstrap circuit. In this an amplifier with a voltage 
gain of very nearly 1 has its output fed back in series to the input 
as shown in Fig. 10.12. 

For the input circuit 


Vin = IR4+01— Vout 


_ p> | 1 
se Pout a) 


since Vout = AV. 


Fic. 10.12. Bootstrap sweep generator. 
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If the input is a positive-going step function of amplitude V, 
taking Laplace transforms gives 


V _ S A—]| 
ie = R(sG—40) ~Fou( A ) 


If the capacitor is initially uncharged, go = 0. 


ge Vout a 
Also, y= Y a ok 
Therefore taking transforms, 
Pout _ 4 
A” CC’ 
V RsCvour.. — 1—A 
Therefore a ao ee - e) 
= RC D, + 1—A 
a7 Hou ( Re ) 
AV 1 


i.e. Dout = 


Taking the inverse, 


AV 
= 4" yy _ eta -4yrey 
Vout (i—A) {J é ] 


- f(t) 
reign 


AVt AV(I—A)# 


RC 2(RC)/* 
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This expression shows a linearly rising function with a displace- 
ment error, again assumed half-way through the sweep. 


{LAV — A)/2(RC)*} (7/2? 


(AV/RO)T x 100% 


Displacement error = 


_ TIA) 


= Epo < 100%. 


Ideally, if A = 1, a perfect sweep will be obtained. 


10.5.1. Practical bootstrap circuit 


As an example of a bootstrap sweep generator, consider the 
circuit shown in Fig. 10.13. Valve V; normally conducts heavily 
with a low voltage across C. A negative-going input pulse cuts the 
valve off and C charges the feedback from the output, raising the 
potential of the point X. This gives a very nearly linear charge rate 
of C and a very nearly linear rise in output voltage. When the input 
pulse returns to its original value, V; again conducts heavily and C 
rapidly discharges. 


Fic. 10.13. Valve version of Fig. 10.12. 


The corresponding bipolar transistor circuit is shown in Fig. 
10.14. The action follows the same lines as before with the diode 
in the collector of Q; being cut off during the sweep period. 
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Vee 
Fic. 10.14. Bipolar transistor version of Fig. 10.12. 


Similar circuits are used with FETs or combinations of bipolar 
transistors and FETs. Figure 10.15, in fact, shows a circuit where 
the sweep is provided by a FET and triggering by a bipolar device. 


out 


Fic. 10.15. FET bootstrap sweep generator with bipolar transistor trigger. 


Questions on Chapter 10 


Q.1. Discuss the use of the FET in astable, monostable, and bistable circuits. 

Q.2. A particular operational amplifier has a capacitor C connected between 
output and input and a resistance R between input and source voltage. If the 
RC time constant is 0-05 sec and the operational amplifier has a gain of — 100, 
estimate the maximum sweep time if the displacement error must be less than 
5%. 

Q.3. Derive a relationship between the voltage and current gains, integrating 
resistance and current amplifier load resistance of Miller integrators incorporat- 
ing voltage and current amplifiers if their displacement errors are the same. 

Q.4. Sketch the circuit and describe the operation of a Miller integrator 
incorporating bipolar transistors and external gating. 

Q.5. Outline, with reference to Fig. 10.15, the action of a bootstrap sweep 
generator. 


CHAPTER !1 


Logic Circuits 


ALTHOUGH logic systems may appear complex, they are in fact 
built up of a large number of simple, and very often identical, 
circuits. The similarity of these circuits and their straightforward 
on-off operation are important factors in the development of 
digital integrated circuits. In this chapter, logic operations will be 
considered, logic design introduced, and logic systems compared. 


11.1. Logic Operations and Circuits 


The basic circuits used in logic systems perform the logic opera- 
tions of AND, OR, and NOT, but combinations of these circuits may 
be used to provide more complicated functions. The simplest com- 
binations are circuits enabling the operations of NOT and AND 
(i.e. NAND) and NOT and or (i.e. NOR) to be realized, and it is not 
difficult to build up circuits such as half and full adders. 


11.1.1. The and circuit 


The AND circuit is probably most easily visualized by reference 
to the relay circuit shown on Fig. 11.1. With no signals on the 
inputs A and B, the output will be at earth potential. An input on 
either A or B will close one switch but the output will remain at 
earth potential. With both inputs energized, the relay contacts 
will be closed and the output will rise to a voltage, ER,/(Rs+R;). 


280 
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The actual voltage across the load R, is relatively unimportant, 
and all that is really required is to know whether there is a voltage 
present or not. These may conveniently be represented by the 
levels 1 and 0, and obviously leads to a binary system. 


Ri Output 


Fic. 11.1. Basic AND circuit. 


In practical circuits the two levels do not, in general, correspond 
to 0 and 1 V. There are just two levels to be considered, and with 
positive logic the 1 corresponds to the higher level and the 0 to the 
lower level. With negative logic the situation is reversed and the 
1 corresponds to the lower level. 

The operation of the circuit is usually described in terms of a 
truth table as shown in Fig. 11.2. This shows that with no inputs 
on A and B (i.e. A = 0, B = 0) or with only one input (i.e. 4 = 0 
B=1 or A=1 B=0), there is no output (i.e. 0). With both 
inputs energized (i.e. A = 1, B = 1), there is an output of 1. 

Boolean algebra may also be used to describe the operation 
of this circuit. For a two-input gate as shown, the operation is 
described symbolically by the relation 


A and B = A-B. 


Fic. 11.2. Truth table for AND circuit. 
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The values of A and B are 0 or 1, but the letters are retained to 
denote an input without specifying whether it is 0 or 1. 

It is obvious that A-B = B.-A. 

For a three-input gate, 


Aand Band C = A-B-C. 


Further, if the same signal is applied to both inputs of a two- 
input AND gate, the output will be of the same form (i.e. 0:0 = 0 
and 1-1 = 1). 

Hence A and A = A-A = A (not A?). 

If one of the inputs of a two-input AND gate is fixed, similar 
relations may be stated, 


i.e. A0=0 and AL= A. 


The simplest electronic form of an AND circuit is shown in Fig. 
11.3. With the inputs on A, B or C all at zero potential, the diodes 
will carry current and the output voltage will be the minimum 


+V 


A 
B 
Cc 
Output 
Ex) Es) E) 


Fic. 11.3. Electronic form of ANp circuit. 


diode forward voltage drop. If a positive voltage (i.e. level 1) is 
applied to one input sufficient to cut the corresponding diode off, 
the output will remain in the low state due to the current flowing 
through the other diodes. Similarly, with positive inputs on two 
diodes the output will remain in the low state due to the third 
diode. When positive levels, which are less than the supply voltage 
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V are applied to all three inputs, the diodes will be conducting 
and the output voltage will rise to a value approaching the positive 
level 1. There is a slight voltage drop due to the diodes, and this 
limits the number of stages that may be connected in cascade. 


11.1.2. The oR circuit (inclusive or) 


The or circuit is also conveniently visualized by means of a 
relay circuit. This is shown in Fig. 11.4. With no signal on A or B, 
the output will be at earth potential, but an input on either A or B 
or both will complete the load circuit giving a positive output of 
ERz/(Rs + Rx). 


Output 


Fic. 11.4. Basic or circuit. 


a 


Fic. 11.5. Truth table for or circuit. 


As in the case of the AND circuit, it is only important to know 
if there is or is not a voltage present, and the corresponding truth 
table is as shown in Fig. 11.5. This table shows that with either 
or both of the inputs energized (ic. 4 =0B=1,orA =1B=0, 
or A = | B = 1) there is an output 1. 
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In terms of Boolean algebra, the operation of an OR circuit may 
be described symbolically by the relation 


Aor B= A+B. 
Obviously A+B= B+A. 
With a three-input gate 
Aor Bor C = A+B+4C. 


When the same signal is applied to both inputs of a two-input 
OR gate, the output must be of the same form, 


i.e. AorA=A+A=A. 


Again, if one of the inputs is fixed we can easily state relations for 
the output, 


i.e. A+1l=1 and A+0=A4. 


A simple electronic form of OR circuit is shown in Fig. 11.6. 
With all the inputs zero (i.e. A = B = C = 0), all the diodes con- 


Output 


~-V 


Fic. 11.6. Electronic form of or circuit. 


duct and the output is slightly below earth potential due to the 
forward voltage drop of the diodes. A positive voltage on any 
input will give rise to a positive-going output. If this circuit is used 
with negative logic, it provides the AND function. 
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11.1.3. The NOT circuit 


A circuit for performing a NOT operation is illustrated in Fig. 
11.7. With no input voltage (A = 0) there will be an output voltage 
ER,/(R,+ Rs) but withthe coil energized the relay contact will be 
opened and the output will fall to zero. Using the notation previously 
employed, the truth table for this circuit is shown in Fig. 11.8. 


ees 1 
26 oH 
Rs A | Re 
2 4 Output 


4| 


Fic. 11.7. Basic NoT circuit. 


0 
1 


Fic. 11.8. Truth table for nor circuit. 


The NOT operation is represented in Boolean algebra by a bar 
above the letter, 


i.e. NOT A = A. 
It follows that Aand A= A-A=0 
and Aor A= A+A = 1. 


A practical form of this circuit is shown in Fig. 11.9 and is a 
simple inverting circuit giving an output just less than V (due to 
leakage current) for no input and an output close to zero for an 
input sufficient to bottom the transistor. 
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+V 


Output 


Fic. 11.9. Electronic form of Not circuit. 


11.1.4. The NAND circuit 


The NAND circuit, as its name implies, is a combination of a 
NOT circuit and an AND circuit or, more correctly, the other way 
round, since the AND circuit usually comes first. A relay version 
of this circuit is illustrated by Fig. 11.10. With no inputs on A and 


t | Output 


Fic. 11.10. Basic NAND circuit. 


B (ie. either A = 0 or B = 0), the contacts S are closed and the 
output voltage is ER,/(Rs+R,). With an input on both A and B, 
the contact S will be opened and the output will fall to zero. 

The truth table for such a circuit is shown in Fig. 11.11, and 
in terms of Boolean algebra the operation may be described by the 
relation 

Not (A and B) = nor A or nor B, 


ie. A-B= A+B. 
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Ta [8 [cua] 


1 
1 
1 
0 
Fic. 11.11. Truth table for NAND circuit. 


A practical form of a NAND circuit is illustrated by Fig. 11.12. 
If any of the inputs are at zero potential, the corresponding input 
diode will conduct and the low voltage across the level shifting 
diodes will be insufficient to allow current to flow into the base 


Output 


shifting 
diodes 


Fic. 11.12. Electronic form of NAND circuit. 


of the transistor. Hence the transistor will be held in the cut-off 
state and the output will be high. With all three inputs in the high 
state, the level-shifting diodes will conduct and the resulting base 
current will bottom the transistor giving a low level output. 


11.1.5. The Nor circuit 


The NOR circuit is one of the most widely used in logic circuits 
and can form the basis of a complete computer. It may be visualized 
by the circuit shown in Fig. 11.13. 
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Output 


Fic. 11.13. Basic Nor circuit. 


With no input on A and B the contacts S are closed and the out- 
put is in the high state of ER,/(Ry+ R,). If, however, either A or 
B are energized, the relay R will operate opening the contacts 
S and reducing the output to zero. 


ae 
0 0 
0 1 
1 0 
1 1 


Fic. 11.14. Truth table for Nor circuit. 


The truth table for a two-input NOR circuit is shown in Fig, 11.14, 
and corresponds to an inversion of the output of an oR gate. In 
terms of Boolean algebra, the operation of the circuit may be 
described by 

NoT (A or B) = nor A and not B, 


i.e. A+B = A-B. 


An electronic form of Nor circuit is indicated by Fig. 11.15. 
With both inputs at zero potential, the transistor will be held off 
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Fic. 11.15. Electronic form of Nor circuit. 


by the positive bias on the base of the transistor and the output 
will be very close to —V. If a negative potential of sufficient magni- 
tude is applied to either of the inputs the transistor will bottom 
and the output will approach a value of zero volts. This circuit 
is obviously an example of negative logic. 

The Nor circuit (like the NAND circuit) can also be the basic 
unit of other circuits providing other logic function. If two NOR 
circuits are connected in series as shown in Fig. 11.16, the output 
of the first NoR gate will be A+B which, after inversion by the 
second NOR gate, gives A+B, i.e. an oR circuit. 


NOR |A+B=A.B. 


Fic. 11.17. AND circuit using NoR gate. 
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Similarly, with the combination shown in Fig. 11.17, an AND 
gate may be realized. A Nor gate in series with an input provides 
inversion, and the third Nor gate gives an output Nor (NOT A or 
NoT B), ic. A and B (= A-B). 


11.1.6. The exclusive OR circuit 


This circuit is only valid for two inputs and gives an output 
only when the inputs are different (i.e. 4 =O B=1o0rA=1 
B=0). This means that the truth table will be as shown in Fig. 
11.18, and a relay version of the exclusive OR circuit is as shown 


Fic. 11.18. Truth table for exclusive or circuit. 


P= | 


Output 


Fic. 11.19. Basic exclusive or circuit. 


in Fig. 11.19. The inputs A and B are in opposition, and if they are 
of the same sign both pairs of relay contacts will remain open and 
the output will be at earth potential. If either one of the inputs is 
energized, one of the pairs of contacts will be closed and the output 
will rise to ER,/(Rs+ R;). 
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In terms of Boolean algebra the exclusive or circuit is equivalent 
to an output that is (A or B) and nor (A and B), 


ie, output = (A+ B)-A-B. 


A practical electronic circuit to realize the exclusive or function 
would then involve several gates, and to avoid apparently complex 
circuitry this (and following circuits) will be shown in the form 
of a block diagram. From the expression given, an exclusive or gate 
could be as illustrated by Fig. 11.20. The word “could” is used 
here since, as will be seen in the next section, alternative circuits 
may be used. 


Fic. 11.20. Electronic form of exclusive or circuit. 


11.1.7. The half adder 


Previous circuits described have in common the fact that only 
one output is required. The half adder has two outputs the need 
for which becomes apparent when the function of the circuit is 
considered in relation to binary addition. 

Using binary arithmetic, 


0+0 = 0, 
14+0 = 1, 
0+1=1, 


1+1 =0 and 1 to carry. 


These equations must not be confused with Boolean algebra or 
logic levels. 
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Reference to the truth table shown in Fig. 11.18 shows that 
the exclusive OR circuit will provide these results with the exception 
that the 1 to carry is omitted. The half adder provides both sum 
and carry outputs and may be built up by connecting an AND 
gate in parallel with an exclusive or gate as shown in Fig. 11.21. 

The truth table for the half adder is then as shown in Fig. 11.22. 


Sum (s) 


AND 


circuit Carry (c) 


Fic. 11.21. The half adder. 


Fic. 11.22. Truth table for half adder. 


11.1.8. The full adder 


This circuit is an extension of the half adder in as much as it can 
cope with three inputs and give two outputs representing the sum 
and carry terms in binary addition. As has been shown, a half 
adder provides outputs giving the sum and carry terms for two 
binary digits or bits. If the sum is passed to a second half adder 
it may be added to a third bit (which may be the carry input from 
a previous stage of addition), and the overall sum obtained. Both 
the carry terms may then be connected to the inputs of an OR 
gate to give the overall carry term. 

With three inputs it is impossible to have high-level signals on 
both the carry outputs of the half adders, and the condition for 
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both inputs to the or gate being energized is not realized. The or 
gate simply shows if one of its two inputs ts energized. A full adder 
and the corresponding truth table are shown in Figs. 11.23 and 
11.24. 


Half 
adder 


Fic. 11.24. Truth table for full adder. 


11.2. Boolean Algebra and Logic Design 


In the middle of the nineteenth century, George Boole developed 
an algebra which is now an important tool in the analysis and 
design of digital switching systems. Where possible this has already 
been linked with the operation of circuits, and in this section the 
reduction of logic equations will be illustrated. 


11.2.1. Rules of Boolean algebra 


From the previous section the following rules have been dis- 
cussed. 
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For the AND gate: 


AA=A, 
Al =A, 
AO =0, 
A-B = B-A. 


(11.2.1) 
(11.2.2) 
(11.2.3) 
(11.2.4) 


Also it does not matter in what order three inputs to an AND 
gate are combined, 


i.e. 


For the OR gate: 


A-(B-C) = (A-B):C. (11.2.5) 
A+A=A, (11.2.6) 
A+1 =1, (11.2.7) 
A+0 =A, (11.2.8) 
A+B =B+A. (11.2.9) 


The order in which the inputs to an oR gate are combined is 


irrelevant, 
i.e. 


For the NOT gate: 


For the NAND gate: 


For the Nor gate: 


A+(B+C) = (A+B)+C. (11.2.10) 
A-A =0, (11.2.11) 
A+4 = 1. (11.2.12) 
A-B = A+B. (11.2.13) 
A+B = A-B. (11.2.14) 


A further relation involves two or gates feeding an AND gate as 
shown in Fig. 11.25. 4 is common to both or gates, and if it corre- 
sponds to 1 there will be an output 1. Alternatively, if A is 0 both 
Band C must be 1 for an output 1. 


Therefore 


(A+B)(A+C) = A+B-C. 


(11.2.15) 
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i= AND 


gate 


Fic. 11.25. Derivation of (4+ B)-(B+C) = A+B-C, 


If C is put equal to 0 in eqn. (11.2.15) 
A-(A+B) = A. (11.2.16) 


If C is put equal to A in eqn. (11.2.15), 
(A4+B)-(A4+ A) = A+A°B, 
i.e. (A+ B)-A = A+A-B 
or A= A+A-B. (11.2.17) 


In a Similar manner, 


(A-B)+(4-C) = A-(B+C). (11.2.18) 


Although eighteen rules are postulated, and more may be derived, 
their use in logic design is fairly straightforward as the following 
examples show. It is useful to remember that there are equivalent 
rules for OR and AND, and in the absence of other information the 
AND function takes precedence over the OR function. 


11.2.2. Examples on logic design 


In section 11.1.6 the exclusive OR circuit was shown as a combi- 
nation of an OR gate, a NAND gate, and an AND gate. The output 
was written in the form (A+ B)-A-B. 
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Hence, from eqn. (11.2.13), 


output = (4+B)-(4+B) 
= A-A+A-B+B-A+B-B. 


But from eqn. (11.2.11) 4-4 = Oand B-B = 0. 
Therefore output = A-B+B-A. 


Hence an alternative means of deriving the exclusive or function 
is as shown in Fig. 11.26. 


Fic. 11.26. Alternative exclusive or circuit. 


Alternatively, let Z = A-B+B-A. 
Then Z = A-B+B.-A. 
But from eqn. (11.2.14), 


Z = (A-B)-(B-A) 
= (A+ B)-(B+ A). 
Taking the inverse, 
Z = (A+B)-(B+ A) 
= (A+B)+(B+ A). 


The exclusive oR circuit may then be drawn in terms of Nor gates 
as shown in Fig. 11.27. 
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Fic. 11.27. Exclusive or circuit using NoR gate. 


As a further example, consider the full adder, the truth table 
for which is given in Fig. 11.24. From this table, by noting where 
the outputs are 1, the sum Z; may be written as Z; = (NOT A and 
Not B and C) or (Not A and B and Nor C)or (Aand Not Band Not 
C) or (A and B and C), 

i.e. Z, = A-B-C+A-B-C+A-B-C+A-B-C 
= C-(A-B+ A-B)+C-(A-B+A-B). 
But C-C = 0, and it may easily be shown that (4-B+A-B) 
X(A-B+ A-B) = 0. 
Z, = (A-B+A-B+C)-(A-B+ A-B)+C-(A-B+A-B+C) 
= (A-B+ A-B+C)(A-B+A-B+C). 
Similarly, the carry term Z2 may be written as: 
Zz = (NOT A and B and C) or (A and B and not C) 
or (A and C and nor B) or (A and B and C) 
= A-B-C+A-B-C+A4-C-B+A-B-C 
= C(A-B+ A-B)+A-B(C+C) 
= C-(A-B+ A-B)+A-B, 
since C+C=1. 


The full adder may then be drawn as shown in Fig. 11.28. 
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(A.B+A.8),C=(A.B+A.8+C) 
(A+B).(A+B) 
=(AB+AB) 


(A.B+A.B+C)(A.B+A.B+C) 


(A.B+A.B).C 


B—e— =(A.B+AB)+C 
7 =(A.B+AB+C) 
c 
22 
Carry 
a 
7 (AB+A.B)C+AB 
All gates are NAND gates Se Ae, 
=(A.B+A8).C+A.B 


Fic. 11.28. Full adder using NAND gates. 


11.3. Memory Circuits 


Although the circuits previously discussed in this chapter enable 
logic functions to be obtained, none give a permanent indication 
of the result. A circuit that provides a memory is the bistable 
arrangement (see Volume 2, section 10.4), which in terms of logic 
circuits may be regarded as two NOR gates connected back to back 
as shown in Fig. 11.29. 


Output 2 


Fic. 11.29. Bistable circuit using Nor gate. 


If pulses are applied to the inputs A and B in turn, the circuit 
will remember which was the last to be energized. Such a circuit 
is known as a RS (reset-set) bistable circuit, since one input (say A) 
receives the “set” pulses and B the “reset” pulses. 

A variation, popular with integrated circuit manufacturers, is 
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the J-K bistable circuit. In this arrangement the condition for the 
circuit to change its state is decided by the input conditions, but 
the actual change can only take place on receipt of a clock pulse 
applied to a third electrode. 


11.4. Criteria of Logic Circuits 


When comparing different types of logic circuit some criteria 
must be adopted. These are usually described as: 


(1) fan-in; 

(2) fan-out; 

(3) noise margin; 

(4) propagation delay. 


11.4.1, Fan-in 


This term describes the input circuit and is the number of inputs 
available. For the NAND circuit shown in Fig. 11.12 the fan-in is 3. 


11.4.2, Fan-out 


A logic circuit is rarely considered in isolation and is normally 
required to drive one or more other logic circuits. The fan-out is a 
measure of the number of circuits that may be successfully con- 
nected to the output. 


11.4.3. Noise margin 


The noise margin of a system is a measure of its immunity to 
noise. It is probably most easily visualized by reference to a simple 
inverting gate, a typical characteristic for which is shown by the 
full line in Fig. 11.30. The gate is assumed to remain in the high 
level V1 for input voltages less than the switching voltage V, and to 
switch to a low voltage V2 for voltages greater than V,. The dotted 
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Vout 
—— = ee ee ee 


Vz V. 
Ve mid $s "Smax 


Vv. 


in 


Fic. 11.30. Tolerances in switching characteristics. 


lines indicate the possible variation of this characteristic due to 
manufacturing tolerances, differing temperatures, deviations of 
supply voltages, and varying load condition. 

In normal operation, when one such gate drives a similar one, 
the worst possible conditions are illustrated by Fig. 11.31 (a) and 
(b). In Fig. 11.31 (a) the output of the first gate (i.e. the input to 
the second gate) is in the highest low voltage condition of Vp, 


x? 


—— ee 


Noise 
margin 


— 
Vout 
Vout 


Fic. 11.31. Noise margin. 
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and the switching voltage of the second gate has the minimum 
value of Vs_,,. The difference between Vs. and Vz gives 
the margin between remaining in the high state and switching to the 
low state. Figure 11.31 (b) shows the output of the first gate to be 
in the lowest high voltage level (i.e. Vin) and the second gate to 
have the highest switching voltage level of Vsiax° Lhe difference 
between V, and Vs. gives the safety margin between remaining 
in the low state and switching to the high state. 

The values (Vs_..—Vo,,,,) and (V;_,,—Vs,,,,) are measures of the 
immunity of the gate from extraneous noise and the lower of 
these, normally (Vs_.|—Vz_,_) is known as the d.c. noise margin. 
Care must, however, be taken in using this value to compare 
systems since circuit impedances have a considerable effect, and 
the higher these are the greater is the vulnerability to interfering 
signals. 


11.4.4. Propagation delay 


Signals are delayed in passing through any circuit (in the simple 
relay circuits discussed this is the speed of operation of the relays) 
and the corresponding time, measured in microseconds or nano- 


Input 


Output 


Propagation delay 


Fic. 11.32. Propagation delay. 
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seconds, is known as the propagation delay. This is measured 
between corresponding points on the input and output waveforms 
as indicated in Fig. 11.32. 


11.5. Types of Logic Circuit 


Over the years a variety of logic circuits have been developed 
and in this section some of the more common types will be dis- 
cussed. 


11.5.1. Direct-coupled transistor logic (DCTL) 


This is one of the simplest types of logic circuit and, although 
now superseded, proved attractive to the early designers of inte- 
grated logic circuits. Forasystem based on positive logic, NoR and 
NAND circuits are as shown in Figs. 11.33 and 11.34. In practice 


+V 
Se. a SERN 
A+B+C R 
‘i A.B.C 
A 
Vout . 
2 Vout 
Cc 
a= 
Fic. 11.33. DCTL nor circuit. Fic. 11.34. DCTL NANpb circuit. 


the NoR circuit is more popular since the low level depends on the 
collector—-emitter saturation voltage of these transistors in parallel, 
whereas in the NAND circuit it is the sum of three collector—emitter 
saturation voltages. 

Considering first the NoR circuit shown in Fig. 11.33; with all 
the inputs at zero the only currents flowing through the transistors 
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will be their leakage currents, and the value of the output voltage 
will be decided by the load connected across the output terminals. 
This is the high state. When one of the inputs is a positive potential 
(i.e. in the high state) the corresponding transistor will be saturated 
and the additional current flowing through R will cause the output 
to drop to its low value. For the NAND circuit obviously all the in- 
puts must be in the high state to give a low output. 

The disadvantages of this type of logic circuit are the small 
difference between high- and low-level output voltages (0-8 and 
0:2 V), a poor noise margin, and the effect known as “current 
hogging”. When the gate drives similar circuits, the high-level 
voltage will be decided by the transistor (in the driven circuits) 
with the lowest base-emitter voltage. This transistor will tend to 
draw (hog) all the available current. 


11.5.2. Resistor-transistor logic (RTL) 


This type of logic circuit is a development of DCTL and incor- 
porates resistors of about 500 Q in series with the base connections. 
This has the effect of increasing the volt drop across the output 
terminals of a previous gate and increasing the high-level output. 
It also results in the output current being more equally shared 
between transistors. 

As with all the circuits discussed, the propagation delay of RTL 
circuits is increased as the power dissipation is reduced. When the 
dissipation is about 12 mW the delay is about 12 ns but increases 
to 40 ns when the dissipation is reduced to 2 mW. Other typical 
characteristics of RTL circuits are high- and low-voltage levels of 
2 and 1-5 V, a noise margin of 0-3 V, and a fan-out of 3 or 4. 


11.5.3. Resistor-capacitor-transistor logic (RCTL) 


This is a further development of DCTL with low-value capacitors 
(50 pF) connected across base resistors of about 20 kQ. The collec- 
tor load is also higher than the previous circuit (5 kQ instead of 
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500 2), and this system is characterized by its higher impedances. 
Dissipations are low, about 2 mW per gate, and delay times are 
of the order of 150 ns. 


11.5.4. Diode-transistor logic (DTL) 


The basic circuit of this type of logic has already been described 
in section 11.1.4, and with positive logic this system is based on the 
NAND gate shown in Fig. 11.12. Alternatively, Fig. 11.12 may be 
used as a NOR gate with negative logic (i.e. the low level represent- 
ing 1). 

This logic system was one of the most widely used discrete forms 
in the early 1960’s with a fan-out of 5 and typical logic levels of 
4-5 and 0-3 V. The noise margin is in the range 0-4-0-9 V, and the 
propagation delay between 8 and 40 nS. 

When an integrated circuit version of DTL was considered, 
difficulties arose due to the different requirements of the input and 
level-shifting diodes. These are ideally fabricated at the same time, 
but the former should be low storage devices (for a low propaga- 
tion delay) while the latter should be high storage devices (for low 
turn-off times). This high turn-off time may be reduced by using 
an extra base power supply or reducing the base resistor, but the 
latter method leads to a reduction of base current and reduced 
fan-out capability. 


11.5.5. Modified diode-transistor logic (MDTL) 


This system arose out of the need to overcome the limited fan-out 
of DTL. The basic circuit is shown in Fig. 11.35, and the current 
gain of the first transistor QO; increases the base current of the second 
transistor Qe, allowing a lower value of base resistor (5 kQ instead 
of 20 kQ). Typically, the fan-out of this circuit is 8. 

The tapped resistor feeding the collector and base of Q prevents 
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Fic. 11.35. Modified DTL circuit. 


that transistor being saturated and leads to faster operation than 
DTL. The noise margin of MDTL is also slightly better than the 
basic DTL circuit. 


11.5.6. Transistor-transistor logic (TTL or T°L) 


Although the circuit shown in Fig. 11.36 bears little resemblance 
to the DTL circuit shown in Fig. 11.12, the operation is very 
similar. The input diodes are replaced by junctions fabricated 
between the multi-emitters and base of transistor Q; and the level- 
shifting diodes by the base-collector junction of Q;. The multi- 
emitter transistor itself is a circuit element peculiar to integrated 
circuits and is not available in discrete component form. 


Fic. 11.36. TTL circuit. 
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As in the basic DTL circuit, Fig. 11.36 corresponds in positive 
logic to a NAND circuit. With all the inputs high, current flows into 
the base of Qe, switching that transistor on. The fall in its collector 
voltage switches Qs off and the rise in its emitter voltage switches 
Q4 on (the collector current of Q4 being supplied by the following 
stage(s)). Inthis manner a low output is obtained. With one or more 
inputs in the low state, the current flowing through R is diverted 
through the base-emitter junction(s) and Qgis switched off, switching 
in turn Q3 on and Qg off. The output is then in the high state. The 
diode ensures that when the “pull down” transistor Q4 is on the 
“pull up”, transistor Q3 is off. 

The main advantage of this type of circuit is the fast operation, 
since propagation delays are in the range 7-15 ns (for 25 and 
10 mW dissipation respectively). Its other characteristics are about 
the same as those of conventional DTL circuits. 


11.5.7. Complementary transistor logic (CTL) 


Typical of this type of logic circuit is the AND gate shown in 
Fig. 11.37. With both the inputs in the high state, the transistors 
Q; and Q» are cut off, but Qs conducts to give a high output. 
With a low level input on either or both Qi and Qe, the current 
flowing through the common collector resistor results in a the fall 
in voltage of the base of Q3. This is sufficient to cut off the transis- 
tor. 


tVeg 


Fic. 11.37. CTL circuit. 
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Normally the dissipation of this circuit is relatively high (40 mW), 
but propagation delays of 4 ns may be obtained since the transis- 
tors are not saturated. Power supplies required are +4-5 V and 
2 V, and the circuit gives logic levels of +2-5 Vand —0:5 V. 


11.5.8. Emitter-coupled or current mode logic (ECL) 


As in the previous case, this type of logic circuit, shown in Fig. 
11.38, uses transistors in the unsaturated condition. This enables 
low propagation delays to be obtained (6 ns) with a power dissipa- 
tion of 35 mW. 


Fia. 11.38. ECL circuit. 


When all the inputs are zero, Qs and Qe conduct and Qs is cut 
off, but if any input goes positive the voltage across Ri will be 
sufficient to cut Q4 off and give a high-level or output. Also the 
voltage across Rez will be sufficient to cut Qg off and give a low-level 
NOR output. The logic levels are about —0-75 V and —1-5 V with 
a noise margin of 0-3 V. 
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11.6. Choice of Logic Circuit 


Where speed is the prime consideration, the non-saturation ECL 
type would be the obvious choice. Although the propagation delay 
of such a circuit is a few nanoseconds, it suffers from the disadvan- 
tages of relatively high power dissipation and low noise immunity. 

Where speed is not essential, there is usually the choice between 
DTL, RTL, and TTL. Diode transistor logic is a useful general 
purpose logic circuit with a good noise margin. Resistor-transistor 
logic provides a good balance between propagation delay and 
power dissipation, but has a poor noise margin. Transistor— 
transistor logic is somewhat faster than DTL, but in other respects 
is about the same. The state at present suggests that TTL will be 
used for integrated circuit technology. 


Questions on Chapter 11 


Q.1. Sketch and explain the operation of the basic circuits used to perform 
the logic operations AND, OR, and NOT, 


Q.2. Explain what is meant by Nor and NAND circuits and show how they 
may be used to perform the logic operation of AND, OR, and NOT, 


Q.3. Explain with reference to the half adder how logic circuits can perform 
simple addition. 


Q.4. Reduce to its simplest form the equation 
(4. B+ B+ B)-(4-C-C+B). 


Show how the result may be realized. 


Q.5. Reduce to its simplest form the equation 
K = A-B-C+A-B-C+A-B+B-C. 


Show how the result may be realized. 
Q.6. Discuss the criteria used to compare logic circuits. 


Q.7. Both saturated and unsaturated transistors are used in logic circuits. 
Compare, with typical examples, the performances of such circuits. 


CHAPTER 12 


Electron Ballistics (VHF Valves) 


THE subject of electron ballistics was introduced in Volume |. The 
treatment is extended here with particular reference to VHF appli- 
cations. 


12.1. Motion in a Direct Electric Field 


The simplest case of electron motion is when an electron is 
accelerated from rest under the influence of a voltage V. By the 
principle of conservation of energy, gain of kinetic energy = loss of 
potential energy, 


i.e. sz =e, 


where m is the mass of an electron, v is the velocity attained, and 
e is the charge on an electron, 


ie. ve Vm) (12.1.1) 


This equation is valid for the majority of calculations, but at high 
velocities relativistic effects, i.e. the change in mass with velocity, 
cannot be ignored. This is based on Einstein’s theory of relativity, 
the important relation for this analysis is that relating matter and 
energy, 


ie. W = me, (12.1.2) 
309 
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where W is the energy in joules, m is the mass in kilograms, and 
c is the velocity of electromagnetic waves in free space in metres 


per second. 
Consider an electron being accelerated from rest through a 


voltage V, 
increase in energy = eV. 


The force increasing the velocity may be equated to the rate of 


change of momentum, 
d 


If both m and v vary, 
dv dm 
F=m ate he (12.1.3) 
But from eqn. (12.1.2), when this force acts through a distance 


dx, 
Fdx = dW = dm, 


F=@a% 


2 
eae (12.1.4) 


From egns. (12.1.3) and (12.1.4), 
c dm_ dv dm 
vo at att” at? 


ee ev dm _ , # 

= ( v ee dt 

ae dm_ vdv 
m— cp? 


integrating log, m = —# log, (e?@—v?)+K. 
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At v=0, m = mothe rest mass. 


Therefore K = log, mot log, c?. 
Therefore log, m = —+ log, (c?— v2) +log, mo+4 log, c2, 
ie lone ee 
e. OB: = 7 lok ae 
oe m _ (cg 

mo laxal 

mo 
m 


This expression shows that the effective mass of an electron 
increases with the velocity, theoretically approaching infinity at the 
speed of light. 

But from eqn. (12.1.2) 


mc?— myc? = eV. 


2 
Therefore me — mae? = eV, 
V(-e) 
gs o v2 
moc? = (mec? +eV) y(: -a) 
: 
ie. (moc”)? = (moc? + eV)? (: — 2) 
2 2) 2 
ae i aa (moc?) 


Ca 1~ Gec®-teV . 


ie. vee Veer) 
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This expression gives the true velocity of an electron when 
accelerated through a voltage V allowing for the change of mass. 
Substituting values and comparing this result with eqn. (12.1.1) 
shows that for a voltage less than about 5 kV, the error is negli- 
gible. 


12.2. Motion in a Direct Electric Field Allowing for Space 
Charge 


When the movement of a number of electrons is considered, 
the effect of the charge onthe electrons themselves must be consid- 
ered. The effect may be allowed for by means of Poisson’s equa- 
tion, which is derived from Gauss’s theorem. 

The latter states: The surface integral of the normal component 
of the electric flux density over a closed surface (i.e. the total normal 
flux) is equal to the charge enclosed, 


i.e. b Dds = Q, 


z 


Fic. 12.1. Poisson’s equation (rectangular coordinates). 


i.e. for a small element 6x, dy, 6z shown in Fig. 12.1, 


oD oD oD 
Ox 6x dy beta by bx z+ 6z dx dy = o 6x dy dz, 


where ¢ is the charge density. 
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ov OV OV 
But D = cok =—e0 5, (or ~ 0 By or ~80 55) 


where <o is the permittivity of free space. 


ay ov Ov _ 
"09 OO Bat Ga ee 


Therefore 


When the only variation in V is along one axis (e.g. the y axis), 


avy __@ 
dy E€0 : 


This is Poisson’s equation in one dimension. 


ey 


Fic. 12.2. Poisson’s equation (cylindrical coordinates). 


If cylindrical coordinates are considered as shown in Fig. 12.2, 
for an annular element of unit length: 


d(2nrD) = o2ar dr, 


1d 
> GV) =e 
DD _ 
id ra ° 
But since D=eE Bie ee 7 
dr 


1daV @V_ e@ 


a ae ae 


This is Poisson’s equation in cylindrical coordinates. 
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12.2.1. The planar diode 


The simplest example of electron motion, allowing for space 
charge effects, is the planar vacuum diode shown in Fig. 12.3. 
In this analysis, relativistic effects are ignored, zero emission 
velocity assumed, and space charge conditions considered. 


Fic. 12.3. The planar diode. 


The current density J in a diode is equal to the charge flow per 
second per unit area, 


i.e. J =— 00, 
where @ is the space charge density and v is the velocity. 


But assuming zero emission velocity, the velocity of an electron 
that has moved through a voltage V is given by 
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Also from Poisson’s equation, 


where y is measured from the cathode surface as shown in Fig. 12.3. 


d 


adV\2 4/ m 
= 1/2 
(5) = (Pa)r"t= 


To determine the constant K, the conditions at the cathode 
surface are considered. At this point the positive field due to the 
anode voltage is balanced by the negative field due to the space 
charge itself, 


Multiplying by 2 - and integrating, 


i.e. at y=0, V=0, and aoe: 


Hence K=0. 


Therefore iden y | Rac (Bs yus |, 
dy £9 2e 


Rearranging and integrating, 


IB) 


Using the same initial condition, i.e. at y = 0, V = 0, then K, = 0 


4 4] m 
* psa — yf | oe 
Therefore 3 V Vlz (\/2:)| y 
7 40 (1/26) V 
or 5 ( | nye 
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The anode current density may be derived by putting y equal 
to the anode-cathode spacing d and V equal to V, the anode 
voltage, 


; T= deo (\/*) yin 
cc. = 9 oe @ . 


Substituting values for eo, e and m gives 


yaa 
d2 


J = 2-:33X 1076 A/m*. 


12.2.2. The coaxial diode 


A more practical case than the planar diode is the coaxial diode 
shown in Fig. 12.4. The element dr at a radius r is considered and a 
line source is assumed. 


Fic. 12.4. The coaxial diode. 


Current per unit length of emitter, J =—2zrpv A/m, where o 
is the space charge density and v is the velocity. 
Also, as in the previous case, 


Therefore I =—2nzro VGr) 


é eect ef fom 
0 Dar (ser): 
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The cylindrical form of Poisson’s equation is 


1d a@¥ oT of m 
r dr dr ~ Anreg V 2eV - 


The solution of this equation could be of the same form as that 
for a planar diode. Hence assuming a solution V = Kr", where K 
is a constant, 


o = nKr*-1, 

a = n(n—1)Kr"-2, 
Therefore! nKr"-14 n(n—1)Kr*-2 =. i \ aeKm 

r 2nreg ¥ 2eKr" 

ie. meKri-2 = sai Y aex 
or K32 = Si Se y a 
r may be eliminated from this expression by assuming = -. 
Then K3?2 = an xe 
a = sas 
Hence V= (sate) at p23 


js a solution 


or v= [20v2)n¢0 y fel 


3/2 
= 14-7x 10-0 A/m. 


318 ELECTRONIC DEVICES AND CIRCUITS 


The anode current density is obtained by putting r = r, the 
anode radius, 


3/2 
ve J =14-7x10-4 ao Ajm. 
A 


This expression is in the form of a “three-halves power law”. 


12.2.3. Other vacuum valves 


Two particular devices have been analysed and, in general, all 
vacuum diodes operated under space charge conditions will obey 
a law J = kV®. When emission velocities are allowed for, evalua- 
tion of the equations are made more difficult by a finite value of the 
potential gradient at the cathode and a constant appearing in the 


ele 2 ; 
expression for the velocity (ie. v= yz V+ K)). This leads to 


the idea of a virtual cathode just above the emitting surface and 
a reduction in the effective cathode-anode distance. 

The introduction of a grid (i.e. a triode) leads to the effective 
accelerating voltage acting on the electrons being due to a combi- 
nation of grid voltage Vg and anode voltage V,. Since the grid 
is that much closer, its effect will be greater, and to a close approx- 
imation the equation may be written 


3/2 
i= K(Vo+“A) 


where yw is a constant for the triode, actually the amplification 
factor. 


12.3. Deflecting Effect of an Electric Field 


The best illustration of the deflecting effect of an electric field 
is the deflecting system of an electrostatic cathode-ray tube. The 
first part of this was covered in detail in Volume 1, but it will be 
repeated briefly here. 
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If an electron accelerated through a potential V, enters the 
electric field normally with a velocity v, as shown in Fig. 12.5, 


0 = fs, 


x=0 ; x=L 
Fic. 12.5. Electrostatic deflexion. 


and within the field, ic.0 < x < J, 


x= (e-aG (12.3.1) 


The deflecting force eV p/d gives rise to an acceleration in the y 
direction of eV p/md, 


ive. y= ; (a). (12.3.2) 


Eliminating ¢ between eqns. (12.3.1) and (12.3.2) gives 


dia (Sar) war-aim 


i.e. electrons follow a parabolic path between the plates. Also the 
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angle of exit is given by 


Hence the vertical displacement when the electrons leave the 
deflecting plates is 


i.e. electrons may be regarded as being emitted in a straight line 
from a point at the centre of the deflecting system. Hence if the 
distance between the centre of the plates and the screen is L, the 
sensitivity, defined as the deflexion per unit deflecting voltage, is given 
by 


sensitivity = rene 
Vp 
_ wl 
~ Wad" 
y Serene’ 
| ae hee 
; ae 
can 
x=0 


Fic. 12.6. Dynamic deflexional sensitivity. 


When a very high frequency, deflecting signal is considered, the 
transit time of electrons must also be allowed for. Assume the 


V, 
electron enters the field = sin ct as shown in Fig. 12.6, where Vp 
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is the peak value of the deflecting voltage and d the distance be- 
2eV, 
tween the plates, with a velocity v, = eae , 


m 
Since the initial velocity in the vertical direction is zero, after 
t+t = 
: ee : eVp sin wt 
a time ¢, the velocity is v, = | fat, where f = =a and 
t 


: . : ' x m 
t, is the time taken to move a distance x (ie. t_=—=x |x): 
v 


x 2e Va 
ttt. V, i t 
Therefore v= I : ee dt 
- eVp _ cos cot tty 
~~ md i) 
e 


Vo 
cmd [cos wt—cos w(t+t)]. 


When x = /, the length of deflecting plates 


4 =1 
ae 2eV 4° 


Hence an electron leaves the field at an angle 6, where 


v 
tan? =— 
v 


x 


-_ Vo e 

= Gd. (V anv) {cos cot—cos ao(t+ t1)] 
= Vo e ‘ th . oly 
= iad. (| anv.) 2 sin of +5) sin a . 


And assuming the electron may be regarded as being emitted 
from a point distance Z from the screen. 
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Deflexion on screen = L tan 0 


Vo e . oly 
= me) (sar ) 2 sin (+5) sin oa 


LY, . t i 
This has a peak value of a (V/s 2 sin ae giving a 


dynamic, deflexional sensitivity 


) sin 
mv) sin . 


The dynamic, deflexional sensitivity falls to zero when 


iad eae 
= ae > 
— 1b yf (24 
1.¢ f hh T aes 


If V,=1kV, © = 1-76X10"C/kg, 1= 10cm, this corre- 
m 


sponds toa frequency —— x3 V(2X 1-76 X 10"! X 108), i.e. 1870 MHz. 


12.4. Focusing Effect of an Electric Field 


Previous sections have considered the accelerating or deflecting 
effect of an electric field. In a cathode ray tube it is necessary to 
accelerate electrons so that they strike the screen with sufficient 
energy to illuminate the screen and also focus them to produce 
a spot, say 1/50 in. in diameter. The latter may be accomplished 
either by electrostatic or electromagnetic means, and in this section 
the operation of an “electrostatic lens” will be discussed. 
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12.4.1, Refraction by an electric field 


Consider two parallel equipotential surfaces at potentials V, 
and V2 as shown in Fig. 12.7. 


Fic. 12.7. Refraction by an electric field. 


Assume an electron has initially started from rest. When it 
reaches the equipotential surface V its velocity (v1) is given 


2eV, . . . . 
by v4 = —4 and when it reaches V2 its velocity will be 


V, 
n= 2 
m 


When the electron travels in the direction of the field it will 
simply be accelerated. If its path makes an angle of incidence i 
with the electric field, the electron will be accelerated in the direc- 
tion of the field, but the component of velocity at right angles to 
the field will be unaltered. 

Hence the electron will leave at an angle r where 


v1 sin i = Vesinr 


(Vn) . (Vn) . 
or ‘ sin i sin r 
m m 


sin i Vo 
or OS >: 
sinr Vy 


ll 


The ratio +/(V2/V1) corresponds to the refractive index of the 
electric field. In fact, by an argument somewhat similar to that 
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used in the previous section, the path of the electron between the 
equipotential surfaces may be shown to be parabolic. If Vg is 
greater than V;, the divergence of the electron will be reduced. 


12.4.2. Electron lenses 


The previous subsection has indicated the possibility of refrac- 
tion by an electric field. Consider first the elemental lens shown in 


'D 
Fig. 12.8. If D, and (+> 62) is the electric flux density in an 


axial direction on each side of the element and D, the radial flux 


8z 


Fic. 12.8. Elemental electrostatic lens. 


density at a radius r, by Gauss’s theorem the total normal fiux 
is equal to the charge enclosed, 


i.e. m8 Dit = bz) +2ar 6zD,—nr2D, = 0, 
i.e popes op, =0 
Oz 
r OD, 
or D, aia an 
But D,=e0F and OD, = eoF;. 
Therefore E, nes OE, 


2 Oz 
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The force on diverging electrons is then 


and if 0F,/0zis negative, this force, being proportional to the radius, 
tends to produce a point focus. 


Therefore 
Or te OE, 
or? = az 
or re OY, 
or Maa =F Bp (12.4.1) 
: ow, 
since E, = aR: 


Consider now the three-electrode lens shown in Fig. 12.9. The 
axial movement is described by the equation 


and from the voltage distribution curve it follows that an electron 
entering with a velocity v is initially decelerated, the velocity falling 
to a minimum at the centre of the lens. It then accelerates until it 
leaves the lens with a velocity vo, i.e. the same as the initial ve- 
locity. 

The radial movement is described by eqn. (12.4.1), 


Or ire ov 
"op ~~ 2 O° 


and when 02) /0z? is positive, diverging electrons will be accelerated 
towards the centre line of the lens. Since the electron spends more 
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Vv Vy< Vy V; 


Electron path 


i | 
V siete Ea 
Deceleration ee abe 
av 
dz 
822 
Coe 
Divergence 


Fic. 12.9. Three-electrode lens. 


Acceleration 


time in the central (converging) region, of the three-electrode lens 
shown, than the outer (diverging) regions, the net effect will be to 
produce a point focus for a diverging electron beam. 


12.5. Combined Effect of Parallel Direct and Alternating 


Electric Fields 


In most of the previous sections the effects of direct fields have 
been considered. In general, when combined direct and alternating 
fields are considered, the transit time is of prime importance. 
For triodes one of the effects of transit time is the reduction of 
input impedance discussed in Chapter 9, while in klystrons the 


transit time is an inherent part of the operation, 


ELECTRON BALLISTICS 327 


Consider, first, the structure shown in Fig. 12.10. The two grids 
G, and Gz are maintained at a d.c. potential V» and have an alter- 
nating potential 6Vo sin wt between them. 


G, Gy 
Electron gun l 
1 | 
aed t 
1 | 
oti Ol rea 
ae 
Sg 
8V, sin wt 


Fic. 12.10. Velocity modulation. 


Ignoring emission velocities and the effects of space charge, 
the speed of electrons leaving Ge is given by 


3mv? = e(Vo+ 6Vo sin wt) 
Ve (1 4 Vo sin or) | 
m Vo 


Vo. 1/2 
= vo( 1 +72 sin ot) ; 


i 


or v 


where Uo is the velocity of the electrons leaving when sin wt = 0. 


.. OV . pe : 
But if ad sin cf is less than about ;}, the binomial expansion 

0 
may be used and high order terms omitted, 


1.€ v=v et M0 in oot 
‘ = (td sina), 


Hence the electrons leave with velocities ranging from vo—dv0 to 


6 
Votdvo, where dv9 = 3. a . If the space beyond Gz has no 
0 
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electric field (i.e. a drift space), at some point the electrons will tend 
to bunch, the faster electrons catching up the slower ones. This is 
best illustrated by the Applegate diagram shown in Fig. 12.11. 


Electron / bunches 


“Slow” 

electrons 

“Fast” 
a electrons 


ag 1/9 


t{—_e-- 


Fic, 12.11. Applegate diagram. 


The distance to the first bunch s corresponds to the time taken 
for the fastest electrons to catch the slowest, 


Ss Ss T 


ue: Vo— U9 Vot Ovo as 2° 


where T is the period, 


. 2s dvo ee, He 
1.€. Ve (8)? = 2° 
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Since (dup)? « 22, 


But vo = rn and. buy! eo 


ma. e Ver 
. way ( = Vo” 
If a second pair of grids and a collecting electrode are now 
included, the electrode structure becomes as shown in Fig. 12.12. 


Electron G,G, G3Gq 
: Collector 
“kz | | Drift space | | (voltage less 
than Vo) 
Bae 
Output 


Fic. 12.12. The klystron. 


The second pair of grids Gs and Gs are arranged such that the 
electrons have had time to bunch. These bunches pass through 
the grids GG in the process inducing a voltage between them, and 
pulsing the tuned output circuit. 

In a practical klystron, tuned circuits would be used for both 
the input and output circuits, these being in the form of cavity 
resonators as shown in Fig. 12.13. These cavities are known as the 
buncher and catcher respectively. 
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Tuning screws 


_-~Catcher 


Drift 


Gy 1G, space G,} IS, —— Collector 


Input Output 
Fic. 12.13. Practical klystron. 


Klystrons operate in the range 100-10,000 MHz, typically 
giving a power output of 10 W at 3000 MHz with a power gain 
of 20 dB. Multi-cavity klystrons with four cavities are also avail- 
able, giving continuous wave powers of up to 500 kW. 

A klystron may be used as an oscillator by coupling the output 
cavity to the input cavity by a line of such length as to provide 
positive feedback. This, in fact, corresponds to a phase change of 
(32)/2 or (72)/2, etc. It is more convenient, however, to use the 
same cavity for the buncher and catcher as shown in Fig. 12.14. 
This is known as a reflex klystron. 


Reflector 


Electron gun 
Fic. 12.14. The reflex klystron. 
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Assume the device is oscillating with an alternating voltage 
between GiG2. Electrons, emitted from the gun, pass through 
these grids and are velocity-modulated. They then form bunches 
in the space above Gp. After reflection, due to the negative potential 
on the reflector, the bunches will again pass through the grids and, 
under operating conditions, will sustain the oscillations. Typically, 
the cavity would be at earth potential, the cathode between 400 V 
and 1 kV negative with respect to the resonator, and the reflector 
between 100 and 300 V more negative than the cathode. 

The frequency, to which the resonator must be tuned, may be 
estimated by knowing that the phase shift between leaving and 
re-entering G2 must be (37)/2, (7)/2, etc. For the electron leaving 
at the instant when the alternating voltage is zero, the velocity 


: 2eV, . : 
on leaving Geis given by v = ya , where V; is the direct voltage 


between resonator and cathode. The retarding force in the drift 
space is eV2/d, where V2 is the direct voltage between cavity and 
reflector and d the distance between Gp and reflector. 

Hence the retardation is (eV2)/(md) and the time taken between 
leaving Gz and coming to rest is given by 


0 — Ve) _Va t, 
m md 


and the total time between leaving and re-entering Ge is 


94 2mV;, 
ri V (“e-) 


‘ 3 #7 
But this corresponds to rr af etc., 
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; 2d y[2m¥,_ 3 7 
.€. V2 FS = 4f’ 4f’ ” 


g228 e Ws . ae 
joe 8d | (sari) 8d (sear) 


Typical reflex klystrons, such as those used for microwave test 
benches, provide an output of a few watts with an efficiency of 
about 5%. Although several values of reflector voltage are possible 
for a given frequency, maximum power is normally attained with 
the reflector at its minimum operating voltage. 


12.6. Deflecting Effect of a Magnetic Field 


A magnetic field has no effect on an electron at rest and it can 
only be considered in relation to a moving electron. Even under 
these conditions, the force exerted is always at right angles to the 
direction of motion and no work is done, so that the magnitude 
of the velocity is unaltered. This means that a magnetic field can 
only deflect an electron, the deflecting force being given by 


F = Bev, 


where F is the force (newtons), B is the magnetic field (tesla), e is 
the charge on an electron (coulomb), and v is the velocity (m/s). 
The direction of this force is at right angles to both the field and 
the velocity. 
Two examples will be considered here, deflexion in a cathode-ray 
tube and a diode with a transverse field. The latter leads to the 
magnetron principle. 


12.6.1. Defiexion in a cathode-ray tube 


As stated, an electron entering a magnetic field moves with 
constant velocity and is subjected to a force at right angles to the 
direction of motion. The path of a particle under such conditions 
must be the arc of a circle as indicated in Fig. 12.15. 
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1 eines {—! 


he ae ees 4 7 Magnetic field 
| 


Fic. 12.15. Electromagnetic deflexion. 


In a cathode-ray tube, electrons are initially accelerated by the 


: 2eVV 
final anode to a velocity v, = y = = 


. When a magnetic deflecting 


system is incorporated, they move in the arc of a circle the radius 
of which may be found by equating the force due to the magnetic 
field with that due to the centrifugal force, 


: m 
i.e. Bev, = —, 


F pa i 2m 4 
a = aS ( : ) 


Hence the equation of motion, taking the point of entry as the 
origin, is given by 


1 /(2mV4\]}? _ 2mV4 
2 a, = 7 
sepa (Ce*)] = ae 


The angle at which the electron leaves the field is obtained by 


334 ELECTRONIC DEVICES AND CIRCUITS 


differentiating this expression and putting x = |, 


i.e. 2x+2] 9p Ve) ” = 0, 


Beil S VPP) 


But when x = / 


ye I 2mV4\ 7? _ 2mV 4 p. 
B e Be 


Taking the square root and substituting 


sew) 


The positive value must be chosen giving 


fv) 


2mV 4 
Normally, Pee = 1 
dy "fe 
Th a a 
erefore dx Bl / ( mv,) 


to a first approximation. The electron may be regarded as emanat- 
ing from a point at the centre of the field, and if this is at a distance 
L from the screen the deflexion on the screen is given by 


é 
D = BIL (om) 


: was e 
Le. sensitivity = IL ) Gav.) m/T. 
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12.6.2. Planar diode with transverse magnetic field 


In this case an electron, initially at rest, is accelerated by the 
electric field and at the same time deflected by the magnetic field. 


Ve 


Fic. 12.16. Planar diode with magnetic field. 


Magnetic field 
out of surface 


The equation of motion for the electron under these conditions, 


as shown in Fig. 12.16, are 


Ee— Bev, = mf, = mars (2.6.1) 


and Bev, = mf, = ms (2.6.2) 


Differentiating eqn. (2.6.1) and substituting from eqn. (2.6.2) 


av, Be\? 
ae = Ga) 


The solution of this equation is 


. (B 
vy = Ksin (re 


Also from eqn. (2.6.1), 


= Be—mK (7) cos (re (2.6.3) 
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At t = 0, vy = 0. 
Therefore 0 = Ee— KBe, 
eee 
i.e. =e 
E B 
Therefore vy = > sin (mn) 
i & ae sin Be t 
a ty =F in (Be 
: : E[m Be 
Integrating, y= 2 (Fe) cos (otk. 
Att =0, y=0. 
Em 
Therefore Ky, = Bie? 


. ~~ [,_(™) 5 Be’ ak 
te 2 E [e-() sin (Be) fens 
Att =0, x =0. 
Therefore Kz, = 0, 


“ ae (i) an (2) 


From the expressions for x and y it follows that the path of the 
electron is a curve rising to a maximum value of (2Em)/(B2e) after 
a time (2m)/(Be) and returns to y = 0 in a time (2%m)/(Be) when 
the horizontal displacement is (2amE)/(B?e). 
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The critical value of the magnetic field, i.e. when the electron 
just reaches the top electrode, is given by 


= idm 


Be ° 


where V is the direct voltage between the electrodes and d is the 
distance between them, 


: 1 2mV 
i.e. B= a V (=): 


This corresponds to a time ¢, 


mm e 
where t= ecg d (anv) 


12.6.3. Coaxial diode with transverse magnetic field 


Critical conditions for the coaxial diode shown in Fig. 12.17 may 
be derived by considering the energy equation and the expression 


Fic. 12.17. Coaxial diode with magnetic field. 


relating torque and the change in angular momentum. The latter 
may be stated as 
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torque = rate of change of angular momentum, 


Le. tangential forcexXradius = 4 (Io), 


where J is the moment of inertia and o is the angular velocity, 


F dr d d6 

i.e. Be ey (mre zt) 
: r d6 

Integrating, and Be -~ = mrt K. 


If the electron leaves the cathode at right angles, at r = rx, 


d6 Bert 
at =0 and K= a 


Usually r, is small compared with r and K may be ignored, 


: Ber’ d6 
a a aa 
dO Be 
or dt = om . (2.6.4) 


Also equating the gain of kinetic energy to the loss of potential 


energy, 
1g (2) 1 as (2) 
m(a) + 2 (S| eee 


where V, is the voltage at a radius r, 


, 1 dr\? 1 Be\? 
1.¢€. 2” (a) +m (an) = evV,. 


The condition for zero radial velocity (i.e. dr/dt = 0) is then 
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Under critical conditions, when the electron moves in a path such 
that it just reaches the anode, V, is the applied voltage V,, and r the 
anode radius ry. 

Then 


The electron paths for different values of V., are shown in Fig. 
12.18. 


v>B ae 22 
8m Vv =P he 

meee! m 

2.2 

BRne 

~~ ye BAS 

Vs 8m 


Fic. 12.18. Electron paths in coaxial diode with magnetic field. 


The time of transit for the critical condition may be obtained by 
integrating eqn. (2.6.4), 


= 1 d0 * / Be 

ie A { (sn) dt, 
: | (a) 0 2m 
i.e. t= —_-. 


In this ideal condition, for a given anode voltage, the anode cur- 
rent would be at its maximum value for magnetic field strengths 
less than the critical value and zero for field strengths greater than 
the critical value. In a practical diode some blurring would occur 
due to the effects of emission velocity, electron interaction, and 
asymmetrical fields. These cases are illustrated by Fig. 12.19. 
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Ideal 


Actual 
a B-e- 


Fia. 12.19. Variation of anode current with magnetic field. 


12.6.4. The cavity magnetron 


The practical application of a diode with an axial magnetic 
field is the cavity magnetron illustrated in Fig. 12.20. The magnetic 
field B is adjusted to its critical value and, under favourable con- 
ditions, high-frequency oscillations will be set up. The super- 
imposed alternating electric field distribution at a particular instant 
is shown in the figure. 

Emitted electrons now come under the influence of the coaxial 
magnetic field, the direct electric field from anode to cathode, and 
the alternating electric field between the segments of the anode. 


Copper anode 


Fia. 12.20. Cavity magnetron. 
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For the instant illustrated by Fig. 12.20, electrons at X¥ will be 
accelerated by the alternating field and are quickly returned to the 
cathode. Such electrons absorb energy from the alternating field. 

Of more interest are electrons at the point Y. These are retarded 
by the alternating field giving up energy to that field. The reduction 
in velocity, and corresponding drop in the force due to the mag- 
netic field, means that the electrons stay a relatively long time in this 
region constantly giving up energy. They eventually reach the 
anode as indicated by Fig. 12.21, but the energy they give up far 
exceeds that absorbed by electrons returning to the cathode, and 
the net effect is that oscillations once initiated will be maintained. 


x 


a IW \ - 

AY OD 

v ® yy Electron spokes 
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7) 
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Fic. 12.21. Electron spokes. 


NL 
a 


In such a magnetron the eight cavities each form a tuned circuit 
and the alternating field effectively rotates giving a circular motion 
to the electron “spokes”. Magnetic coupling to one of the cavities 
provides the output power. 

Typically cavity magnetrons are operated under pulse conditions 
with a very low duty cycle (1%). Pulses 1 us long of peak value 
100 kW may be produced with an overall efficiency of 70%. The 
actual frequency of oscillation is usually in the range 500-10,000 
MHz. 
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12.7. Focusing Effect of a Magnetic Field 


As an alternative to electrostatic focusing of an electron beam, 
electromagnetic focusing may be employed. Ideally, a uniform 
axial magnetic field is desired, but in practice a thin magnetic 
lens, with its inherent non-uniform field, is incorporated. 


12.7.1. Focusing effect of a uniform field 


This topic has already been covered in Volume 1 but will be 
repeated briefly here. Consider a beam of electrons entering a 
uniform magnetic field as shown in Fig. 12.22 with a velocity 
v = V/[(2eV.,)/m], where V, is the voltage of a previous accelerating 
electrode. Although generally moving in the z direction, some will 
be diverging at some angle 6, 0 itself being small. 


B 
—_ 
vsin@ 
. an ae 
Vv cos@- = a 


Fic. 12.22. Electromagnetic focusing. 


Electrons then have an axial velocity » cos 8 and a radial velocity 
v sin 8. As indicated previously, the component v sin 8 gives rise 
to a circular motion in a plane perpendicular to the z axis. This has 
a radius given by 


mvsing 1 2mV 4 .. 
alae 7 =3(V - ) sin. 


At the same time the electron is moving along the z axis with a 
velocity v cos 8 which for small values of 86 may be assumed to 
be v. 


Hence the electron moves in a helix of radius ( / “mra) sin 0 
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with a pitch p of vt, where fis the time of one revolution, 


‘ _ 2eV4 2nmv sin 6 
pee p=(I m ) Bev sin 6 
_ 205 f (2mV4 
ed ar) 


Since 9 does not appear in this expression it follows that if 0 
is small a point focus will be produced at distances p, 2p, etc., from 
the beginning of the magnetic field. If the magnetic flux density 
Bis large, the electrons will be focused into a very tight beam. This 
is a requirement for devices such as the travelling wave tube. 


12.7.2. The thin magnetic lens 


Consider first the elemental magnetic lens shown in Fig. 12.23. 
This is analogous to the elemental electric lens discussed in section 
12.4.2. 


a dz bes 
Fic. 12.23. Elemental magnetic lens. 
The total magnetic flux entering the element must equal that 
leaving it. 
Hence 


ar?B,—2nr dzB,—nr* (2. +f o: az) =-0 


or Bee (12.7.1) 
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In a practical magnetic focusing system as shown in Fig. 12.24, 
the lens may be regarded as extending from the plane at A to that 
at B. An electron at any point P is subject to three distinct forces 
due to this field, two acting tangentially but in opposite sense, and 


Electron 
path 


Fic. 12.24. Magnetic lens. 


a third acting radially. The resultant tangential force F, on the 
electron is given by 
Oz _ or 


at Bee Or’ 


Fy = B,ev,—B,ev, = Bye 
where B, and B, are the radial and axial components of the mag- 
netic field, e is the charge on an electron, and v, and v, are the 
axial and radial components of velocity. But from eqn. (12.7.1), 


r OB, 
B= 9 Ge" 
r Oz OB, or 
Therefore Fy = e(5 ay az + Be ai) 
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Therefore torque = rF, 
r2 OB, or 
= (5 epee ai) 
ed 
= —~— —_ (Pp? 
rT (r°B,). 


Hence equating torque to the rate of change of angular momentum, 
ed d 
eames o) a 2 
aa (?B,) a (mr’w). 


If the origin (i.e. z = 0) is taken at plane A at any distance, this 
expression may be integrated, giving 


~ 5 PB, + 5 PB, = mrw,—mro. 
But at z = 0, B,,=0 and w,s=0. 

: eB, 
Then at any distance z, Oa 


This shows that at any point the angular velocity is proportional 
to the axial component of the magnetic field and is zero when the 
electron leaves the magnetic lens. The negative sign follows from 
B,, actually acting in the opposite direction to that indicated. 

Allowing for the centrifugal force mrw*, the radial force F, on 
the rotating electron at any distance z is given by 


F, = B,ero+ mrw*. 


eB, 
But w=-— om 
Bee*r eB? 
Therefore F,=—- on mr a 
Beer 
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This force is proportional to the radius and the negative sign 
shows it is always directed towards the axis. Hence a thin magnetic 
lens will produce a point focus. 


Questions on Chapter 12 


Q.1. Show that theoretically an electron reaches the speed of light when 
accelerated through a potential of 275 kV. What reduction takes place when 
relativistic effects are considered? 


Q.2. Show that if an electron enters the region between two plane parallel 
equipotential surfaces at an angle 0, it will describe a parabolic path between 
these surfaces. 


Q.3. Explain the action of a three-electrode lens when the centre electrode is 
at a higher potential than the outside electrodes. 


Q.4. The buncher of a klystron is 1 kV above the cathode. If a sinusoidally 
alternating potential of 200 V (peak) is applied between the closely spaced grids 
of the buncher, estimate the shortest distance at which maximum bunching will 
occur. The frequency is 1 GHz and e/m is 1-76 10"! C/kg. 


Q.5. A coaxial diode has a transverse magnetic field, its value being adjusted 
such that the anode current just flows. Determine the value of this field if the 
diameter of the anode is 1 cm and the anode voltage is 600 V. 


Q.6. Show that the transit time of electrons under space-charge conditions 
is two-thirds of that under temperature-limited conditions. 


Appendix. Table of Laplace Transforms 
F(s) = { ” est f(t) dt 


f) | F(s) 
1 
1 7 
et — 
A a 
sin at aaa 
Ss 
cos at cra 
1 
; - 
a 
sinh at oe 
Ss 
cosh at = 
—at ot a 
e~™ sin Bt erage 
S+Ee 
e—“cos Bt (+a)e4 
1 
a (sta)? 
—at gf B 
e~“ sinh Bt sia 5 = 
S+a 
e~* cosh Bt (staf 
dx in 
a SX— Xo 
d*x , 
ie S°X —SXy— Xo 
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Answers to Numerical Examples 


CHAPTER 1 


Al. VC(i—e-#/**), 
A4. C = 500 pF; £ = 12:5 mH. 
A5. Series capacitances: 332 pF; 278 pF; 348 pF. 
Parallel circuits: 20 4H; 498 pF; 6 2H; 6-55 wH; 6080 pF; 20 2H; 498 pF. 
A6. Series arms: 3:18 wH; 0:2 uF. 
Shunt arm: 3-58 mH; 0-177 pF. 


CHAPTER 2 


Al. 0-265 A; — 54:8 eV; 1-058 A; — 13-7 eV. 

A2. 0:00568 m2/Vs; 5-68 x 10-1! m*/C; 1-76 A/cm?. 
A3. 0:279 Qm. 

A5. 0:0524 m3/C; 0°39 m2/Vs. 


CHAPTER 5 


Al. (a) 1:5 kQ; (6) 10:3 kQ; (c) — 42:4 times; (d) 63-6 times. 
A3. Vie = Viet Yea + Yost Voor 

dre = — 5+ Yo), 

Vo = —(Vos t+ Yyo) 

Yow = Vor: 
A4. n= 1, Ry = 312 Q, Cy = 6:5 pF. 


A5 Orel, 
.« Common base: Zi, = r,+r(l—&)3 Zour = ro Fant: 
C R, ( R,+") 

ommon collector: Zin = mtg %) ; Zout re (i. J ; 


AG. Zin = 2:3 kKQS Zeus = 55 kQ. 


CHAPTER 6 
Al. 1700 pc. 
Iyt+Tp, | 
A3. T, lo: a Yd 
Be | T./Gire+1) 
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350 ANSWERS TO NUMERICAL EXAMPLES 


CHAPTER 8 


A2. 16-2 nV. 
A3. 6 stages. 
AS. 2:4 times. 


CHAPTER 9 


A2. Zin [:- ZoatZ 
R+r, 
A3. SBR). 
RU+)+2r, 
A4. 0-48 4-73-14 mS. 


ee | 


CHAPTER 10 


A2. 2s. 
A3. AR = A,Re. 


CHAPTER 11 


Ad. (4-C+B). 
AS. B-C+B-A. 


CHAPTER 12 


Al. 26%. 
Ad. 4:7 cm. 
AS. 28°7 mT. 
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band pass filter 24 
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high pass filter 17 
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band pass filter 27 
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high pass filter 21 
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Equivalent noise resistance 218 
Evaporation 190 
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Exclusive or circuit 290 
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